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Abstract

Deterministic radio wave propagation models provide high accuracy in complex outdoor
environments but remain computationally impractical for large-scale network planning
and spectrum management. In contrast, empirical and hybrid models offer low complexity
at the expense of reduced accuracy, systematic bias, and limited terrain sensitivity. This
paper proposes a unified delta learning framework that enhances fast baseline propagation
models by learning a data-driven correction toward a deterministic Parabolic Equation
Modeling (PEM) reference. A key novelty lies in a compact, physics-informed feature repre-
sentation that replaces the full terrain profile with an 18-dimensional vector combining local
geometric descriptors, global terrain characteristics, and baseline responses, enabling accu-
rate correction with low-dimensional input. The study also provides the first systematic
investigation of delta-based correction across multiple widely used propagation models.
The framework is evaluated for free-space propagation, ITU-R P.1546, ITU-R P.1812, and
ITU-R P.452 using ridge regression, kernel ridge regression, gradient boosting regression
trees, and a neural network model. Model performance is assessed in terms of error reduc-
tion, bias mitigation, robustness across learning algorithms, and profile-level generalization
to previously unseen propagation paths within the considered terrain categories. Results
show substantial error reduction, with up to twofold improvement for simpler baseline
models and consistent gains for hybrid models, while preserving computational efficiency.

Keywords: wave propagation modeling; radiowave propagation; delta learning; machine
learning; radio engineering; machine learning-based correction; computational efficiency

1. Introduction
1.1. Role of Radio Wave Propagation Modeling in Modern Wireless Systems

Wireless communication infrastructures have become a fundamental pillar of today’s
information society [1]. Beyond the well-known and widely used public mobile communi-
cation systems, radio-frequency technologies increasingly support industrial automation,
transportation and logistics systems [2], the operation of critical infrastructures [3,4], and
digital services [5,6] in everyday life in general [7,8]. Owing to their widespread adoption
and extensive use, it is unsurprising that the requirements imposed on telecommunication
networks are continuously increasing: reliable coverage [9], high data rates [10], low la-
tency [11], and ever-improving spectrum efficiency with minimal interference [12] have
all become key performance criteria. It is evident that these requirements can be best met
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by achieving the most accurate possible understanding of radiowave propagation and by
being able to predict it in advance, often already during the network and infrastructure
planning phase, prior to actual deployment and implementation.

Radio wave propagation models therefore play a central role in the development,
planning, and operation of wireless communication systems. These models enable the prior
estimation of path loss, coverage characteristics, and spatial field strength levels before the
actual deployment of a network [13]. This capability is particularly important in coverage
planning, where the reliable determination of service area boundaries is a fundamental
requirement. Equally significant is their role in intra-system and cross-border interference
studies, where the assessment of mutual interference between different coexisting systems
is necessary [14]. Beyond these applications, propagation models are indispensable tools
for spectrum management and network optimization tasks [15], which require the rapid
and consistent evaluation of a large number of configurations, parameter combinations,
and environmental conditions. The application of more advanced and accurate models
results in substantial savings in both time and cost for network planners and operators [16],
while simultaneously supporting telecommunications regulatory authorities worldwide in
carrying out international frequency coordination activities.

1.2. Unified Abstraction of Propagation Models

To facilitate the understanding of the general operation of radio wave propagation
models and their relative roles, it is useful to interpret the different approaches within a
unified abstraction space. From this perspective, the various models provide descriptions
of the same physical phenomenon with differing levels of detail and complexity, while a
substantial portion of the underlying input information remains common.

Formally, a given radio wave propagation model Mj can be regarded as a mapping [17,18]
that transforms the space of geometric and environmental parameters into the space of
propagation-related characteristics:

Mg : X XY — Z, 1)

where X’ denotes the set of geometric and environmental input parameters (such as terrain
profile, transmitter-receiver geometry, frequency, etc.), while ) represents the space
of model-specific parameters and configuration settings. The output space Z typically
describes the spatial distribution of path loss or electric field strength, which is often
interpreted not as a scalar quantity but as a distance- or height-dependent profile. This
is illustrated in Figure 1, which schematically depicts, as an example, the electric field
strength and the path loss as functions of the distance from the investigated source (e.g., a
base station).
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Figure 1. Abstract representation of a radio wave propagation model as a mapping.
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It should be noted that the path loss and the electric field strength estimated by the
model are naturally not independent of each other; they can be converted into one another
using the following relationship [19]:

E = ERP — L +10log,, f +79.35, )

where E denotes the electric field strength in dBuV/m, ERP is the effective radiated power
of the transmitter in dBm, L is the path loss in dB, and f is the frequency in MHz.

1.3. Classification of Propagation Modeling Approaches

The unified abstraction framework introduced in the form of a mapping makes it
possible to interpret different radio wave propagation models not as isolated estimation
techniques, but as mappings of the same input space with varying levels of resolution.
Consequently, the differences between models can primarily be understood in terms of
how extensively and under what assumptions the available technical, geometric, and
environmental information is exploited to construct the output profile.

In practice, radio wave propagation models can be classified into three fundamental
categories [20]: empirical, deterministic, and hybrid approaches. The main characteristics
of the different model categories are summarized in Table 1.

Table 1. Comparison of propagation model categories.

Category Modeling Basis Input Information Accuracy/Complexity Terrain Sensitivity
Empirical statistical relations ayeraged environment,  limited accutacy, low limited
simple geometry complexity
Hybrid physm.al and empirical partial physics, moderat? accuracy and moderate
modeling geometry complexity
Deterministic physme.)l laws, detglled terrain and high accuracy, high strong
numerical methods environment complexity

Empirical models, which are based on observational and measurement data, are charac-
terized by high computational efficiency and ease of application [21]; however, their accuracy
and terrain sensitivity are limited. In contrast, deterministic models describe the physical
mechanisms of wave propagation in detail, relying on physical equations—most notably
the Maxwell equations—which leads to significantly higher accuracy but often at the cost of
computational complexity that challenges practical applicability [22]. Hybrid models occupy
an intermediate position between these two extremes: certain aspects of wave propagation
(e.g., diffraction effects) are modeled using physical principles, while other components are
described using empirical relations derived from measurement data [23].

The most important distinction between propagation models therefore lies not merely
in their accuracy, but in the trade-off between accuracy, computational complexity, and
terrain sensitivity [24]. This trade-off is particularly relevant in large-scale planning and
spectrum management tasks, where the accuracy of deterministic models and the efficiency
of empirical and hybrid models would ideally be available simultaneously. For this reason,
the evaluation and comparison of propagation models can only be considered well-founded
if the combined impact of these three aspects is taken into account [25].

1.4. Overview of Propagation Models Considered in This Study

Radio-frequency waves propagating in an outdoor environment are fundamentally
governed by Maxwell’s equations [26], which describe the interactions between the electric
and magnetic field components in time and space [27,28]. In a source-free, linear, isotropic
medium, these equations can be reduced to the wave equation for the electric field. Assum-
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ing a time-harmonic field and slowly varying material parameters, the wave equation can
be further reduced to the Helmholtz equation, which forms the basis of most deterministic
outdoor propagation models [29]:

V2E(r) 4+ K*E(r) = 0, 3)

where E(r) is the vector of the complex amplitude of the electric field strength, r denotes
the spatial position vector, and V? is the Laplace operator, which includes the second-order
spatial derivatives [30]. The parameter k is the wavenumber, which describes the electro-
magnetic properties of the medium (magnetic permeability u and electric permittivity )
and also incorporates the frequency dependence: k = 27tf,/ue [31].

It is easy to see that in a realistic terrestrial propagation environment, an analytical
solution of the Helmholtz equation is practically unattainable. This is due to the presence
of uneven terrain [32], environmental inhomogeneities, and large propagation distances,
not to mention continuously changing weather conditions, which also cause ongoing
variations in the electrical properties of environmental elements and the conductivity of the
atmosphere. As a result of these limitations, a wide range of propagation models has been
developed in practice, which approximate the underlying physical processes at different
levels of abstraction, with varying degrees of accuracy and computational complexity [33].
In this subsection, we briefly outline the wave propagation models used in this paper,
including the simplest terrain-independent free-space propagation model, the empirical
ITU-R P.1546 model [34], the hybrid ITU-R P.1812 [35] and ITU-R P.452 [36] models, as well
as deterministic Parabolic Equation Modeling (PEM) [37-39]. The qualitative differences
observed between the outputs of the various propagation models are exemplified in Figure 2
for an identical propagation scenario.

The simplest analytical model can be established based on the physical laws of free-
space wave propagation. It is important to note that although this is a deterministic model,
it cannot be fitted into any of the categories described in Section 1.3, since it is a simplified
analytical model that takes into account neither environmental nor terrain conditions, but
only the radiation frequency and the distance of the receiving point from the transmitter.
It can also be used as a reference: this model assumes ideal wave propagation conditions
(in practice, ensuring the clearance of the first-order Fresnel zone), and thus provides the
maximum achievable field strength and the minimum attainable path loss.

Starting from the Friis transmission equation [40], the power received by the receiver
takes the following form:

A 2
P, = PthG’<4mz> , (4)

where P; denotes the transmitted power, G; and G, are the gains of the transmitting and
receiving antennas, respectively, A is the wavelength, and d is the distance between the
transmitter and the receiver. From this, the free-space path loss can be interpreted as the
ratio (quotient) of the transmitted and received powers:

2
s = (72 ®)

Switching to a logarithmic scale (expressed in dB), and specifying the distance in
kilometers and the frequency in megahertz, the free-space path loss simplifies to the
following form:

Lps = 32.44 +20log,,(d) 4+ 201og,(f), (6)
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Free-Space Model

where the constant 32.44 dB originates from the geometric factor 477, the speed of light, and
the unit conversions [41]. As the formula shows, terrain conditions and, for example, the
receiver height are irrelevant for this model.
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Figure 2. Example outputs of the considered propagation models for the same scenario.

The ITU-R P.1546 Recommendation is a purely empirical outdoor propagation model
originally developed for large-scale terrestrial radio services and is applicable in the fre-
quency range of 30 MHz to 4000 MHz. The model is based on the statistical analysis of
extensive measurement campaigns and predicts the electric field strength primarily as a
function of distance, frequency, transmitter and receiver antenna heights, as well as time
and location variability percentages. The influence of terrain is not represented explicitly
in a geometric sense, but rather incorporated through statistical correction factors, such
as effective antenna heights and terrain clearance angles. This principle is illustrated in
Figure 3, which shows the family of measurement-based propagation curves used by the
model at different frequencies and antenna heights, forming the basis for the interpolation
and extrapolation procedures applied during prediction.

As a consequence, ITU-R P.1546 exhibits low computational complexity and can be
robustly applied over large areas and long propagation paths. However, its sensitivity to
detailed terrain features is inherently limited. The model is therefore best suited for de-
scribing average propagation conditions and is not capable of reliably capturing the impact
of localized terrain obstacles or sharp diffraction effects. In the present study, the ITU-
R P.1546 model serves as a representative example of empirical propagation approaches,
illustrating the trade-off between low computational cost and limited terrain sensitivity,
and providing a natural baseline for comparison with the hybrid and deterministic models

discussed subsequently.
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Figure 3. ITU-R P.1546 propagation curves based on measurements for 3 frequencies.

Parabolic Equation Modeling (PEM) provides a deterministic numerical approxima-
tion of electromagnetic wave propagation derived from the Helmholtz equation under
the assumption of predominantly forward propagation. By introducing the reduced com-
plex field ¢(x, z) and neglecting backward-propagating wave components, the Helmholtz
equation can be transformed into the parabolic equation

Wxz) _ j (Pp(2)
i) _2k0<azz 13 (n - 1>1p(x,z)), )

where x denotes the horizontal propagation direction, z is the height coordinate above
ground level, kg = 27t/ is the free-space wavenumber corresponding to wavelength A,
and n denotes the refractive index profile of the propagation medium [42].

This formulation enables terrain and atmospheric effects to be incorporated explicitly
through boundary conditions and refractivity profiles. As a result, PEM is capable of
accurately modeling key propagation phenomena such as diffraction, shadowing, and
refraction over irregular terrain. This increased physical fidelity, however, comes at the
cost of significantly higher computational complexity compared to empirical and hybrid
propagation models. In the present study, PEM is therefore employed as a deterministic
reference model against which the behavior and accuracy of the empirical and hybrid
approaches are assessed. In this context, the term reference model denotes a fixed deter-
ministic numerical benchmark rather than an experimentally verified ground truth. PEM is
used because it resolves terrain-dependent propagation effects with higher physical detail
than the considered empirical and hybrid models, but its outputs remain conditional on
the adopted numerical discretization, boundary conditions, refractivity profile, antenna
configuration, polarization, and implementation settings.

Between these two extremes lie the hybrid propagation models ITU-R P.452 and ITU-
R P.1812, which combine empirical formulations with selected deterministic components.

The ITU-R P.452 model is primarily intended for point-to-point interference and coor-
dination studies. It decomposes the total path loss into multiple components, including
free-space loss, diffraction over terrain obstacles, tropospheric scatter, and anomalous
propagation effects. Diffraction losses are computed using simplified physical models
based on digital terrain profiles, while atmospheric effects are parameterized using climato-
logical refractivity data. This structure enables ITU-R P.452 to capture key physical effects
with moderate computational effort, making it suitable for long-range and interference-
limited scenarios.

The ITU-R P.1812 model extends the hybrid concept toward point-to-area and high-
resolution terrestrial coverage prediction. It combines empirical formulations with de-
terministic diffraction modeling and incorporates detailed digital elevation and clutter
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data. Compared to ITU-R P.1546, it exhibits significantly higher terrain sensitivity, while
remaining computationally tractable for large-scale simulations. In this study, ITU-R P.1812
represents an intermediate level of physical fidelity between empirical models and full-
wave deterministic methods.

2. State of the Art, Research Gap and Contributions

In recent years, machine learning approaches have been playing an increasingly im-
portant role in predicting the propagation of radio-frequency waves [43,44]. One line
of research focuses on fully data-driven prediction, where the model directly learns the
relationship between the environment and geometry from measured or simulated out-
puts [45]. These methods often achieve good fits on the training dataset, but they are
highly data-intensive, offer limited physical interpretability, and their generalization can be
sensitive to domain shifts in the environment, such as a new terrain type or a significantly
different topographical pattern [46,47]. Consequently, the role of input representation
and feature engineering has become a prominent topic in the literature: beyond purely
coordinate- or grid-based representations, physically motivated descriptors that summarize
the environment and terrain are appearing with increasing frequency [48].

The other direction is the hybrid approach, which does not replace classical prop-
agation models but rather complements or corrects them [49,50]. The basic idea is that
fast, widely used empirical and hybrid models can be retained as a baseline, while the
learning component is used exclusively to compensate for the missing physics, or, more
precisely, for systematic deviations [51,52]. Residual or so-called delta learning approaches
are particularly relevant: instead of predicting the full output, the learning algorithm
aims to estimate as accurately as possible only the difference between the baseline and the
reference model(s). The advantage is that the built-in structure of the baseline model (such
as frequency and distance dependence, the effects of terrain conditions, etc.) is already
implicitly present, so the learning algorithm has a smaller task to solve. This improves
learnability and also reduces the risk of overfitting [53].

Deterministic wave-propagation models can be regarded as a reference in the literature,
as they are capable of a more detailed treatment of terrain and propagation phenomena [54].
Their practical application, however, runs into computational limitations in large-scale
network planning and spectrum-management tasks, such as those encountered by telecom-
munications regulatory authorities and service providers. This naturally leads to the
basic idea that deterministic results can be effectively used as training or reference signals,
making them suitable for shifting fast baseline models toward deterministic behavior [55].

Although an increasing number of studies have investigated the application of ma-
chine learning techniques to radiowave propagation modeling [56,57], most existing works
focus on broad frequency ranges, measurement-driven datasets, or fully data-driven pre-
diction schemes [58]. At present, there is a lack of studies specifically targeting the 3.6 GHz
band, despite its widespread use in contemporary terrestrial mobile and industrial com-
munication systems [59]. Moreover, the majority of published approaches either replace
classical models entirely or address the correction of a single baseline model, without
systematically establishing a relationship between a deterministic reference and multiple
empirical and hybrid baseline models under realistic terrain conditions. In addition, many
studies rely on a single learning paradigm, which limits insight into the robustness and
generalizability of the reported improvements.

The present study addresses these gaps by proposing a unified delta-learning frame-
work that explicitly targets the residual between a deterministic Parabolic Equation Model-
ing (PEM) reference and several widely used ITU-based empirical and hybrid propagation
models in the 3.6 GHz band. The analysis is conducted in the 3.4-3.8 GHz frequency
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range, which has been harmonized within the European Union [60] for terrestrial electronic
communications services, with frequency arrangements and technical conditions defined
in ECC Decision (11)06 [61]. According to the Radio Regulations [62], this band is allocated
on a co-primary basis to mobile services, excluding aeronautical mobile applications, and is
designated for mobile use in the European Table of Frequency Allocations and Applications
(ECA Table) [63]. Beyond its regulatory relevance, this band represents a transitional prop-
agation regime, offering a favorable balance between coverage and capacity while already
exhibiting increased sensitivity to terrain features compared to traditional sub-GHz bands.

Within this framework, multiple machine-learning techniques are applied and eval-
uated in parallel, enabling a comparative assessment of their ability to learn systematic
model deviations and to generalize across heterogeneous environments. The proposed
approach is further validated across distinct topographical categories, including urban
hilly, flat, and mountainous terrains, thereby providing a comprehensive evaluation of
model performance, learning stability, and correction efficiency as functions of both terrain
complexity and learning strategy.

3. Propagation Scenarios and Data Description

The objective of the study is to analyze realistic wave-propagation scenarios that place
different levels of demand on the terrain sensitivity of empirical, hybrid, and deterministic
propagation models. To this end, the simulations are based on real topographic data and
cover markedly different geomorphological environments across the territory of Hungary.
The spatial distribution and geographical context of the digital terrain data used in the
investigations are illustrated in Figure 4. The figure presents the digital elevation model of
Hungary and its immediate surroundings, which serves as the topographic basis for the
subsequent simulations and terrain-profile-based analyses.
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Figure 4. Digital elevation model of Hungary and its immediate surroundings based on the Coperni-
cus GLO-30 dataset.

For terrain modeling, we used data from the Copernicus GLO-30 Digital Elevation
Model (DEM), which were accessible via the OpenTopography portal [64]. Copernicus GLO-
30 is a global digital elevation model of uniform quality which, with its spatial resolution
of approximately 30 m, is suitable for terrain-profile-based radiowave propagation studies.
The dataset is available in the WGS84 coordinate reference system and provides uniform-
quality elevation data with extensive spatial coverage, making it suitable for generating
terrain profiles (longitudinal sections) for radiowave propagation studies.

https://doi.org/10.3390/technologies14060363


https://doi.org/10.3390/technologies14060363

Technologies 2026, 14, 363

9 of 63

From the digital elevation model, straight-line terrain profiles were generated along
the links between the transmitter and the receiver using a custom-developed Python-based
processing script. The script uses sub-areas extracted from the Copernicus GLO-30 digital
elevation model as input and then randomly generates coordinate pairs within the study
area such that the transmitter-receiver distance is fixed at 30 km in all cases.

Between the resulting coordinate pairs, terrain profiles are extracted with a sampling
interval of 50 m, ensuring an adequately resolved representation of terrain details for sub-
sequent wave-propagation calculations. The script allows parameterized control over the
number of generated profiles, thereby ensuring that a sufficient and statistically meaningful
number of samples is available for machine-learning-based training and testing procedures.

The extracted terrain profiles underwent a uniform preprocessing step and were used
as identical inputs for deterministic Parabolic Equation Modeling (PEM) simulations, for
the empirical and hybrid baseline models, and for the delta-learning-based correction
framework, ensuring direct and consistent comparability of the results produced by the
different models.

The model evaluation was conducted in three terrain-wise clearly distinct environ-
ments, which represent a broad spectrum of propagation conditions in Hungary, as illus-
trated in Figure 5.

0TI
(Subotica)

tPetrosaniRits

Figure 5. Geographical extent of the selected propagation scenarios highlighted with red boxes.

These environments were deliberately selected to span markedly different levels of
terrain complexity, enabling a systematic investigation of how empirical, hybrid, and
deterministic propagation models respond to topographical variations:

*  Urban-hilly environment (Budapest region): This scenario represents an urbanized
area characterized by moderately undulating terrain. The combination of fine-scale
elevation variations and complex geometrical conditions makes this environment
suitable for assessing local terrain sensitivity and the ability of the models to capture
diffraction and shadowing effects in built-up surroundings.

*  Flat environment (Kecskemét region): The flatland scenario is characterized by nearly
homogeneous elevation conditions with minimal topographical variability. It serves
as a reference environment in which empirical propagation models are expected to
perform more favorably, and where learning-based corrections primarily mitigate
systematic model deviations rather than pronounced terrain-induced effects.
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*  Mountainous environment (Matra region): The mountainous scenario exhibits sig-
nificant elevation differences, steep slopes, and highly complex terrain geometry.
These conditions pose a substantial challenge for empirical and hybrid models and
provide a suitable test case for evaluating the extent to which delta-based correc-
tion toward a deterministic reference improves prediction accuracy under strong
topographical complexity.

To further characterize the topographical properties of the investigated environments,

Figure 6 presents elevation heatmaps derived from the Copernicus GLO-30 DEM for each

selected scenario.

(a) Budapest region (b) Kecskemét region (c) Métra region

Figure 6. Elevation heatmaps of the scenarios derived from the Copernicus GLO-30 DEM.

These heatmaps provide a spatial overview of the elevation distribution within the
selected areas and highlight the increasing level of terrain variability from the flatland
environment through the urban-hilly region to the mountainous scenario. The visual
comparison of the elevation patterns complements the scenario definitions by illustrating
the differing geomorphological characteristics that influence wave propagation behavior
and, consequently, the performance of the evaluated propagation models.

To complement the qualitative visual analysis provided by the elevation heatmaps, and
to ensure reproducibility, a quantitative summary of the investigated terrain scenarios is
given in Table 2. The table reports the geographical boundaries of the selected areas together
with key elevation-based statistics, providing a compact numerical characterization of the
terrain complexity across the flat, urban-hilly, and mountainous environments. These
metrics serve as a consistent basis for interpreting the subsequent propagation modeling
results and for relating model performance to underlying topographical properties.

Table 2. Geographical boundaries and key statistics of the investigated terrain scenarios.

Region Xmin Ymin Xmax Ymax
Budapest 18.6685 47.2029 19.6353 47.7542
Kecskemét 18.5889 45.9513 20.3522 47.0628
Mitra 19.4540 47.7228 20.7079 48.0717
Metrics Budapest Kecskemét Maitra

Min elevation [m] 84.46 52.84 25.54

Max elevation [m] 761.30 319.01 1034.34

Elevation range [m] 676.84 266.17 1008.80

Mean elevation [m] 173.05 106.68 264.36

Standard deviation [m] 81.17 23.26 147.2

Mean slope [°] 4.06 1.88 7.27

Finally, Figure 7 illustrates the general wave-propagation scenario and the data flow
applied throughout the study. For each generated terrain profile, identical geometric
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and environmental inputs are provided to the empirical and hybrid baseline propagation
models, as well as to the deterministic Parabolic Equation Modeling (PEM) solver. The
resulting propagation outputs are evaluated along the same transmitter—receiver paths,
ensuring strict consistency across all modeling approaches. The investigated transmitting
antenna (base station or source) is assumed in all cases to be 30 m above ground level
with an effective radiated power of 46 dBm, which are considered an average value in the
examined 3.6 GHz frequency band. The receiving point is fixed at a height of 3 m above
ground level in all cases, and at this height the resulting field strength level (i.e., the path
loss) is examined at distances of up to a maximum of 30 km from the base station (source).

A
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Figure 7. Conceptual illustration of the wave-propagation scenario. Identical terrain profiles and

geometric inputs are used for all propagation models.

These one-dimensional curves will serve as input parameters during the training of
the models, and naturally, results of the same type will also be used as references during
the execution and validation of the simulations.

Our investigations were carried out by following the previously described method-
ology. For the ITU-R P.1546, ITU-R P.452, and ITU-R P.1812 propagation models, the time
percentage was uniformly set to 10%, while the location percentage was fixed at 50%. In
the case of the ITU-R P.452 model, the prediction type was set to Average Year. The surface
and atmospheric parameters were defined as follows: the temperature was set to 20 °C, the
atmospheric pressure to 1013.25 hPa, and the water vapour density to 8 g/m?. Furthermore,
the atmospheric refractivity (Np) was set to 330 N-units, and the refractivity index lapse
rate was set to 45 N-units/km. The same set of parameters was applied in the ITU-R P.1812
model and during the line-based calculations in order to ensure comparability between the
different propagation models. For the simulations, iterative MATLAB implementations of
the propagation models were applied. The PEM simulations were computed in an iterative
manner using PETOOL v2.0 [65], which had been reverse-engineered during our previous
research work [42].
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It should be emphasized that the validation performed in this study is simulation-
based. No independent field measurement campaign was used for model validation. The
deterministic PEM results are employed as a high-fidelity numerical reference, and the
learning task is formulated as the correction of empirical and hybrid baseline models
toward this deterministic reference. Accordingly, the reported performance improvements
quantify the ability of the proposed framework to reproduce PEM-like predictions for
previously unseen terrain profiles within the considered terrain categories, rather than its
direct agreement with real-world measurement data.

It should also be clarified that PEM is not treated in this work as an absolute ground
truth in the experimental sense, but as a deterministic numerical reference generated under
a fixed and reproducible simulation configuration. The purpose of using PEM is to pro-
vide a physically more detailed reference solution than the empirical and hybrid baseline
models, especially with respect to terrain-dependent diffraction, shadowing, and refrac-
tive effects. Nevertheless, PEM predictions are themselves dependent on numerical and
physical modeling choices, including the range—height discretization, absorbing boundary
treatment, terrain-profile representation, refractivity assumptions, antenna parameters,
polarization, and the specific implementation of the propagation solver. Therefore, the
reported errors and improvements should be interpreted as deviations relative to the
adopted PEM configuration rather than as absolute propagation errors with respect to the
real environment.

4. Delta Learning Framework

Consider N radio links of length 30 km, each of which can be characterized by a terrain
profile. Along the profile, the terrain elevation and the wave-propagation quantities are
given at a discrete set of L sample points.

Let

ie{l,...,N}andje{1,...,L}

denote the profile and the sample-point indices, respectively. At the distance point d;, the
terrain elevation k;(d;) € R, the output field strength of the baseline wave-propagation
model b;(d;) € R, and the field strength of the reference wave-propagation model
yi(d;) € R are available. In matrix form:

H = [1y(d)], B = [0(d)], Y= [y(d)], HBYeRV™

In our study, we work with a fixed raster of 50 m, from which it immediately follows
that L = 601.

According to the basic assumption of delta learning, the reference can be expressed as
the sum of the baseline and an additive correction:

yi(dj) = bi(d;) +6(d;), (8)
where the residual field strength level is
6 (d]-) = (d]-) —b; (d]-), in matrix form: A =Y — B.

It is clear that, in what follows, the learning task concerns exclusively the field A [66].
In constructing the model, we started from the assumption that the systematic error of
the baseline model at a given point depends primarily on the local terrain geometry. To
formalize this, we introduce a centered, finite-extent sliding window with which we scan
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all N terrain profiles of length L. To formalize this, we introduce a centered, finite-extent
sliding window as follows:

Wj:{ke{l,...,L}||k—j| <w}, w = 5. 9)
It can be seen that the maximum size of the sliding window is
W] =2w+1=11,

while at the edges of the terrain profiles,

Wj‘ < 11 without extrapolation.

To illustrate this, Figure 8 shows a local window around a given distance point,
highlighting the center point and the £5-point neighborhood. Within this framework, all
input features are defined on a per-profile, per-distance-point basis and are constructed
exclusively from quantities that are available both during training and inference.

h [m] A

i" profile (h,)

w=5 w=5

Figure 8. Illustration of Wj sliding window on the terrain profile.

Formally, for the i-th profile and the distance point d;, a feature vector ¢; ; € R8 is
assigned, which encodes the local terrain geometry, the baseline model output, and the
relative position along the propagation path. The individual components of the feature
vector are defined as follows.

First, the baseline propagation model output at the given location, b; (d;), is included
explicitly as a feature. This term represents the first-order physical or empirical estimate
of the propagation loss and provides a natural reference level for the learned correction.
Second, the absolute terrain height at the evaluation point, h;(d;), is used to capture
large-scale elevation effects, such as ridge tops or valley floors, which may not be fully
accounted for by the baseline model. To characterize the local terrain geometry, discrete
spatial derivatives of the terrain profile are introduced. The first derivative (local slope) is
approximated by a central difference scheme,

sl = ) ), (10
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where Ad denotes the spatial sampling interval of the terrain profile. This quantity describes
whether the terrain is locally rising or falling and provides information related to diffraction
and shadowing effects. The second derivative (local curvature) is approximated as

hi(djy1) — 2h;(d; hi(d;_
ci(dj) = (dj+1) 2<A2)72)+ (4 1)‘

The curvature allows the model to distinguish between locally convex and concave

(11)

terrain features, even when absolute heights are similar.
In addition to pointwise geometric descriptors, several local statistical measures are
computed over the sliding window W;. The local mean terrain height is defined as

hi(d;) |W\kz hi(dy), (12)

which represents the average elevation level in the immediate neighborhood of the evalua-
tion point and reduces sensitivity to small-scale fluctuations.
The local terrain variability is quantified by the standard deviation

1 _ 2
op(dj) = | 557 Y (hilde) —hi(dy) ), (13)
which serves as a measure of terrain roughness and captures how strongly the elevation
varies within the local window.

To further describe the geometric complexity of the terrain, the mean absolute slope
within the window is introduced:

| | ] ‘W | kz |S dk (14)

Unlike the pointwise slope, this quantity provides a robust indicator of the overall
steepness of the surrounding terrain, independent of slope direction.
Finally, the relative position of the evaluation point along the propagation path is
included through a normalized distance coordinate,
4 (15)
dmax ’
where dpnax denotes the total path length. This feature enables the model to account for
systematic position-dependent effects along long paths.
Collecting all components, the complete local feature vector used for delta learning at
profile i and distance point d; is given by

e RS (16)
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This feature representation combines pointwise and window-based descriptors to cap-
ture both local terrain geometry and broader contextual information, while remaining fully
compatible with the delta learning formulation and applicable to unseen terrain profiles [67].

While the feature representation defined in Equation (16) captures the local terrain
geometry and pointwise characteristics of the propagation path, the systematic deviation of
baseline propagation models may also depend on the global structure of the terrain profile
as a whole. In particular, large-scale elevation variations, overall terrain roughness, and the
statistical characteristics of the baseline response may influence the magnitude and spatial
structure of the residual field.

To incorporate such profile-level contextual information, the local feature representa-
tion is extended with a set of global descriptors that characterize the entire terrain profile.
These quantities depend only on the profile index i and are independent of the distance
sample d;. Consequently, they provide a global context shared by all points of a given
propagation path.

Formally, for each terrain profile i, a global descriptor vector g; € R!? is defined, and
the extended feature vector takes the form

|
¢Z'] [81‘

e RS, (17)

where ¢; ; € R® denotes the local feature vector defined in (16). The global descriptors are

constructed from the terrain profile /;(d;) and the baseline model output b;(d;) as follows.
The first group of global features describes the statistical properties of the terrain

elevation along the entire propagation path. The mean terrain elevation is defined as

s = 1Y mld), (18)

while the standard deviation of the elevation is given by

=1

L
2 1 1)?
85 ) :\ILZ(hi(dj)_gE )) : (19)
The overall elevation range (relief) of the terrain profile is defined as

() _ (d) — min h(d:
8 —fg]aSXth(d]) @?Lhz(d])- (20)

To characterize the overall geometric complexity of the terrain, global descriptors
derived from the local slope s;(d;) are introduced. The mean absolute slope is defined as

@ _ Ly 21
8i —ZZNSi( i)l (21)
]:

while the upper range of terrain steepness is characterized by the 90th percentile of the
absolute slope distribution,

gl.(s) = percentilegy (|s;(d;)]). (22)
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Furthermore, the cumulative elevation gain (total climb) and cumulative descent along
the propagation path are defined as

L—1
856) = Y max(hi(djy1) — hi(d)),0), (23)
=i
=
g = Z max (h;(dj) — hi(dj;1),0). (24)
=

Finally, global statistical descriptors of the baseline propagation model output are
included to capture systematic characteristics of the baseline response along the entire path.
The mean baseline response is given by

6 _ 1y
8 =7 2 bild) (25)
j=1
its standard deviation by
9 1 8)) 2
& =|7 g(bi(d» -&), (26)
j=
and the overall dynamic range by
(10) __ .
§;  =maxb;(d;) — minb;(d;). (27)

] ]

Since the global descriptors depend only on the terrain profile index i, they are identical
for all distance samples of a given profile. In the training data, these quantities are therefore
associated with each profile-distance pair by replication, ensuring that the regression model
receives both local geometric information and global terrain context.

The resulting feature representation combines pointwise descriptors of local terrain
geometry with large-scale profile characteristics, providing a richer representation of the prop-
agation environment while remaining fully compatible with the delta-learning formulation.

It is important to clarify the intended role of the proposed 18-dimensional feature
representation. The feature vector is not designed to serve as a complete surrogate repre-
sentation of the deterministic electromagnetic field, nor is it expected to explicitly encode
all wave phenomena represented by the PEM solver, such as detailed diffraction, reflection,
interference, or small-scale multipath effects. Instead, its role is to provide a compact,
physics-informed description of the terrain and baseline-model response that is sufficient
for learning the dominant systematic component of the baseline-PEM discrepancy.

This interpretation follows directly from the delta-learning formulation adopted in this
work. The learning algorithm does not predict the full PEM reference field from the terrain
profile alone. Rather, the empirical or hybrid propagation model first provides a baseline
prediction that already incorporates distance dependence, antenna-height effects, frequency
dependence, and, depending on the model, simplified terrain-dependent propagation
mechanisms. The machine-learning model is then trained only to estimate the residual
correction between this baseline prediction and the PEM reference. Consequently, the
feature representation is required to characterize the systematic error structure of the
baseline model, not the complete physical propagation process.

Although some of the descriptors are statistical in nature, the representation is not
limited to mean elevation and standard deviation. It combines pointwise local terrain
height, local slope, local curvature, sliding-window statistics, mean absolute local slope,
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normalized propagation distance, global elevation relief, slope percentiles, cumulative
elevation gain and descent, and statistical descriptors of the baseline response along the
full profile. These quantities jointly encode local geometry, profile-level terrain context, and
the behavior of the baseline propagation model.

The use of such a compact representation is a deliberate trade-off between phys-
ical completeness, interpretability, data efficiency, and computational cost. A higher-
dimensional input, such as the full terrain profile or a two-dimensional environmental
grid, could in principle retain more information about complex propagation mechanisms.
However, it would also increase the dimensionality of the learning problem, require sub-
stantially more training data, reduce interpretability, and increase the risk of overfitting,
especially under profile-level validation. Since the present work targets fast delta correction
for repeated large-scale inference, the proposed low-dimensional feature representation
was selected to capture the dominant residual patterns while maintaining robust trainability
and low inference cost.

Similarly, convolutional, recurrent, or attention-based neural-network architectures
operating directly on raw terrain profiles could in principle be used to learn spatial de-
pendencies along the propagation path. A systematic benchmark of such raw-profile
deep-learning models is, however, outside the scope of the present study, which focuses on
an interpretable, low-dimensional, physics-informed delta-correction framework applicable
across multiple empirical and hybrid baseline models.

Accordingly, the remaining prediction error after correction may partly originate
from propagation phenomena that are not fully represented by the proposed descriptors.
This limitation should be considered when interpreting the results, particularly in highly
complex terrain where diffraction, shadowing, and interference effects may vary rapidly
along the propagation path.

Following this, the delta learning task can be formulated in a mathematically unam-
biguous manner. Given that each terrain profile contains multiple distance samples that
are in close spatial relationship with one another, the learning problem can naturally be in-
terpreted at the level of individual profile-distance-point pairs. For the sake of simplifying
the notation, we introduce the composite index n = (i, j), where i denotes the index of
the terrain profile, while j denotes the index of the distance point within the given profile.
Accordingly, the residual (delta) value—interpreted as the difference between the reference
and the baseline model—as well as its associated feature vector can be expressed as follows:

With this notation, the complete training set can be defined in the following compact form:
D = {(¢n0)ntr (29)

where N denotes the number of (training) terrain profiles used, and L denotes the number of
distance samples within a single profile, which is fixed to 601 in our investigations, resulting
from the analysis of 30 km sections using a 50 m raster. This formulation emphasizes that
the learning task consists of a large number of samples that are structured, where the
individual samples are not independent of one another.
Let
g: R R, (30)

be an arbitrary regression model defined as a mapping that projects the previously de-
fined eight-dimensional feature vector onto a scalar correction value. The goal of delta
learning is to determine a function ¢ that approximates the residual field as accurately
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as possible in the sense of supervised learning. This leads to the following empirical risk
minimization problem [68,69]:

NL
g = argmin Y (6, g(Pn)) +QQ), (31)
n=1

where /(-) denotes a pointwise loss function, while ()(g) is a regularization term that
controls the complexity of the model.

It is important to note that this formulation is mathematically equivalent to minimizing
the reconstruction error of the reference field. Since 6, = y, — by, by substituting this into
the previous expression and assuming that /(-) is shift-invariant,

NL
§ = argmin Y (Y, bn + g(¢n)) +Q(3), (32)

n=1

can be written, which clearly expresses that the learned model does not replace the baseline
estimate but is coupled to it as an additive correction.

After training the regression function ¢, the estimation of the reference field for new
terrain profiles can be carried out directly. At distance point d; of the i-th profile, the
estimated reference value is given by

9i(d;) = bi(dj) + &(¢i), (33)
which, in matrix form, takes the following shape:
Y=B+A4A, (34)

where Y denotes the residual field produced by the learned model. The additive structure
ensures that the physical or empirical foundations embedded in the baseline model are
preserved, while systematic deviations are corrected in a data-driven manner. The model
we propose thus provides, in this novel form, the possibility of more accurate estimation.

At this point, it is worth highlighting two additional aspects. The first concerns
the statistical interpretation of delta learning. The framework presented here implicitly
assumes the following decomposition:

vild)) = bi(d)) + Gys () +ei(d), (35)

where d5ys(-) represents the feature-dependent, deterministic systematic bias of the baseline
model, while ¢; (dj) denotes a non-modelable random component that encompasses mea-
surement noise, errors arising from numerical approximations, and other physical effects
neglected due to additional considerations.

In this context, the objective of ¢ is to approximate the J5,5s component, whereas the
term ¢;(d;) defines the lower bound on the achievable accuracy.

The second aspect concerns validation considerations: samples taken along terrain
profiles are strongly correlated; therefore, the residual values associated with consecutive
distance points cannot be regarded as statistically independent:

oi(d;) M di(djy1)- (36)

This correlation implies that a training—test split based on random selection of indi-
vidual distance points would lead to biased, overly optimistic performance estimates. To
avoid this, training and validation must be performed at the profile level, meaning that
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entire terrain profiles are assigned exclusively to either the training or the test set. This
approach provides a more realistic assessment of the model’s generalization capability for
new, previously unseen propagation paths.

By combining the feature representation, the optimization objective, and the recon-
struction step, the proposed delta learning approach can be summarized in the following
compact form:

Y =B+ 3®(H,B)), (37)

where the mapping ®(-) constructs the feature vectors from the terrain profiles and the
baseline model outputs. In this way, the learned model preserves the physical foundations
of the baseline approach, while reducing its systematic errors in a data-driven manner [70].

It is important to emphasize that the unified framework in this study refers to a
common correction methodology and data-processing pipeline rather than to a single
regression model shared across all baseline propagation models and terrain conditions. The
same delta-learning formulation, feature construction procedure, PEM reference generation,
profile-level validation strategy, and evaluation metrics are applied consistently throughout
the study. However, the residual structure between a baseline propagation model and the
PEM reference is strongly dependent on both the baseline model and the morphology of
the terrain profile. In practical propagation-simulation environments, the topographic data
used for terrain profile extraction are typically accompanied by morphological information
describing the character of the terrain and land environment.

Such MORPHO data may distinguish between several detailed categories, such as
urban, suburban, agricultural, forested, flat, hilly, or mountainous areas. Although these
categories may be more detailed than the three broad terrain classes considered in this
work, they can be mapped by a preliminary classification step into the disjoint terrain
groups used in the present study: urban-hilly, flat, and mountainous environments.

Let m; denote the morphological descriptor associated with the i-th terrain profile,
and let

k:M—=C (38)

be a terrain-class assignment function that maps the available morphological information
from the original MORPHO class set M to the broader terrain-class set

C = {urban-hilly, flat, mountainous}. (39)
For a new terrain profile, the corresponding terrain class is therefore obtained as
c; = K(ml'), c; €C. (40)

Within this class-conditioned framework, separate correction functions are trained for
the relevant baseline model and terrain class. If g denotes the baseline propagation model,
the corresponding correction function can be written as

gq,c : ng — RI q S Ql cE CI (41)

where O denotes the set of investigated baseline propagation models. During inference,
the terrain class of the new profile is first determined from the available MORPHO/TOPO
information, and the correction model trained for the corresponding class is selected. The
corrected prediction is then obtained as

06 = 6 + g0 (1), = wlm @
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This formulation provides a unified operational workflow while avoiding the direct
pooling of heterogeneous residual distributions from physically different terrain conditions.
A single regressor trained jointly across all terrain classes and baseline models would
need to learn residual patterns associated with flat, urban-hilly, and mountainous profiles
simultaneously. Since these environments exhibit substantially different diffraction, shad-
owing, and terrain-sensitivity characteristics, such pooling may increase the risk of reduced
accuracy or negative transfer. The proposed morphology-aware selection step therefore
allows the framework to use the correction model that is most appropriate for the terrain
profile under investigation, while preserving a common delta-learning formulation across
all cases.

Accordingly, the framework should be interpreted as a class-conditioned correction
approach rather than as a single universal model intended for direct transfer between
arbitrary terrain morphologies.

For reproducibility, the model-selection settings of the non-linear regressors are sum-
marized here. For the Gradient Boosting Regressor, a limited grid search was performed
using profile-level 5-fold inner cross-validation on the training pool. The candidate values
were 200 and 400 learning cycles, learning rates of 0.05 and 0.10, and maximum tree splits
of 10 and 30. For the Multilayer Perceptron, a limited architecture search was performed
with the number of neurons in the first hidden layer selected from 20, 40 and the number of
neurons in the second hidden layer selected from 0, 20, 40, where 0 denotes a single-hidden-
layer network. The remaining MLP settings were fixed: tansig hidden-layer activations, a
linear output layer, scaled conjugate-gradient training (trainscg), MSE loss, and a maximum
of 300 epochs. In both cases, the selected configuration was the one minimizing the mean
validation MAE of the reconstructed field-strength prediction after delta correction.

It should be emphasized that the generalization assessed in this work is profile-level
generalization within the considered terrain categories. Complete terrain profiles are
separated between training and testing, so that all distance samples belonging to a given
propagation path are assigned exclusively to one subset. This prevents information leakage
caused by the strong spatial correlation of neighboring samples along the same profile and
provides a realistic assessment for previously unseen propagation paths.

However, this validation setting does not imply unrestricted transfer across funda-
mentally different terrain morphologies or geographical domains. A correction model
trained only on flat terrain is not expected to fully capture the residual structure observed
in mountainous terrain, where diffraction, shadowing, and elevation-induced effects are
substantially stronger. For this reason, the proposed framework adopts a morphology-
aware structure in which separate correction functions are trained for the relevant terrain
classes and selected during inference using available MORPHO/TOPO information.

Consequently, the present results demonstrate profile-level generalization within
the investigated flat, urban-hilly, and mountainous terrain categories, but they do not
establish cross-terrain or cross-country transferability. The latter would require additional
geographically independent validation datasets and is therefore left for future work.

5. Computational Cost Considerations

The proposed delta-learning framework relies on deterministic Parabolic Equation
Modeling results as reference data. Consequently, the computational cost of generating the
PEM-based training labels is not eliminated by the proposed method and must be clearly
distinguished from the cost of applying the trained correction model.

As discussed in our previous work [19], PEM is computationally substantially more
demanding than empirical or hybrid propagation models. The main reason is that PEM
requires the discretization of the full two-dimensional computational domain in the range-
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height plane. Let Ny denote the number of discretization points in the horizontal propa-
gation direction and N the number of discretization points in the vertical direction. The
numerical solution must be obtained on this complete grid in order to enforce the required
boundary conditions and to close the computational domain, even if the final quantity of
interest is needed only along a receiver-height line or at a finite number of receiver locations.

The computational burden is strongly affected by the wavelength. As the frequency
increases, the wavelength decreases, and a finer spatial discretization is required to pre-
serve numerical accuracy. In addition, the maximum propagation distance determines
the horizontal size of the computational domain, while the terrain-elevation range and
the chosen upper boundary determine its vertical size. Therefore, hilly or mountainous
profiles typically require a larger computational domain than flat terrain profiles, which
increases both memory consumption and computation time. Depending on the numerical
solution technique, the approximate computational complexity of PEM can be expressed
as O(Nlog N) for Split-Step Fourier Method (SSFM)-based implementations, where N
denotes the number of grid samples involved in the transform operation, or as O(NyN; ) for
finite-difference formulations such as Crank-Nicolson-type schemes. In contrast, empirical
and hybrid models usually require only curve interpolation, closed-form evaluations, or
one-dimensional terrain-profile processing, and therefore have substantially lower marginal
computational cost.

For this reason, the computational efficiency of the proposed framework should
be interpreted in an amortized sense. Let Cpgy denote the cost of generating one PEM
reference profile, Cy,¢e the cost of evaluating the empirical or hybrid baseline model, Cyeyt
the cost of feature extraction, Cyp the cost of evaluating the trained correction model, and
Cltrain the cost of training the regression model. For Niy,in training profiles and Npreq new
prediction profiles, the total cost of the proposed workflow can be written schematically as

Ciotal = Ntrain(CPEM + Cpase + Cfeat) + Crain + Npred(cbase + Cteat + CML)- (43)

By contrast, direct deterministic prediction for all new profiles would require approximately

Cirect = NpredCPEM' (44)

Thus, the proposed approach does not remove the initial PEM cost associated with
the generation of reference labels. Instead, it transfers this cost to an offline training stage.
After the correction model has been trained, new propagation profiles can be evaluated
using only the fast baseline model, the feature-extraction step, and the learned correction.
The marginal inference cost is therefore

Cinfer = Cbase + Cfeat =+ CML/ (45)

which is substantially lower than Cpgy for repeated large-scale evaluations.

The break-even condition can be expressed by comparing the one-time offline cost
with the per-profile savings obtained during inference. Neglecting the comparatively small
baseline and feature-extraction costs during PEM label generation, the proposed framework
becomes computationally advantageous when

Npred [CPEM - (Cbase + Cfeat + CML)] > NirainCPEM + Ctrain- (46)

This condition emphasizes that the method is not primarily intended to reduce the
cost of a small number of isolated deterministic simulations. Its advantage arises when the
trained delta-correction model is reused for many new terrain profiles, as in large-scale
network planning, coverage studies, or spectrum-management workflows. In this sense, the
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framework provides low marginal inference cost after an offline PEM-based reference-data
generation stage, rather than eliminating the computational expense of PEM itself.

A qualitative summary of the computational role of each modeling component is
provided in Table 3.

To make the computational-efficiency discussion more explicit, Table 4 provides an
algorithmic comparison of the baseline, deterministic, and ML-corrected propagation work-
flows. The purpose of this comparison is not to report implementation-specific wall-clock
runtimes, but to characterize the dominant computational operations that determine the
marginal cost of applying each model to a new terrain profile. This distinction is important
because absolute runtimes depend strongly on the hardware platform, available memory;,
software environment, programming language, numerical libraries, compiler settings, par-
allelization strategy, and the degree of optimization of the individual implementations.
In particular, a direct timing comparison between a PEM solver and empirical or hybrid
propagation-model codes may be misleading if the implementations are not optimized to
the same extent or if they use different numerical backends.

Table 3. Qualitative comparison of the computational roles and costs of the considered propagation-
modeling approaches within the proposed delta-learning workflow.

Main Computational

Role in the Proposed

Relative Marginal

Approach Operation Workflow Cost
.. . Curve interpolation, Fast baseline prediction and
Empirical baseline . ; -
extrapolation, and input to the delta-correction =~ Low
models ;
closed-form correction terms ~ model
One-dimensional
. . terrain-profile processing Terrain-sensitive baseline
Hybrid baseline . . o - .
combined with empirical and ~ prediction and input to the Low to moderate
models S : .
simplified physical delta-correction model
submodels
Numerical solution on a
two-dimensional Offline generation of
PEM reference - . o .
model range-height computational ~ deterministic reference labels ~ High
grid with boundary for supervised learning
conditions
Trained Feature extraction followed Online correction of baseline
delta-correction by regression-model predictions for new terrain Low

model

evaluation

profiles

For this reason, the comparison in Table 4 is formulated at the workflow level. It
separates the dominant operations required by each propagation approach from the addi-
tional cost introduced by the delta-learning correction. Empirical models are dominated
by closed-form expressions, curve interpolation, extrapolation, and empirical correction
terms. Hybrid ITU-R models additionally require one-dimensional terrain-profile process-
ing and diffraction-related calculations. In contrast, PEM requires the numerical solution of
a two-dimensional range-height propagation problem with boundary conditions, which
leads to substantially higher computational and memory requirements. This difference in
algorithmic structure is the main reason why deterministic models are computationally
demanding for repeated large-scale network-planning and spectrum-management tasks.

The notation used in Table 4 is defined as follows. The variable 1 denotes the number
of one-dimensional terrain-profile samples used by the empirical and hybrid propagation
models. The symbols N and M denote the range and height grid dimensions of the two-
dimensional PEM computational domain, respectively. These quantities are conceptually
different: n refers to the sampled terrain profile along the propagation path, whereas N and
M refer to the numerical field-computation grid used by PEM. The proposed delta-learning
framework uses a compact feature vector of dimension d = 18, which is independent
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of the full PEM range-height grid. For the gradient boosting regressor, T denotes the
number of regression trees and Liee denotes the characteristic number of leaves or terminal
regions in a tree. For the MLP model, i denotes the number of arithmetic operations
associated with the dense feed-forward layers. Finally, Cp,5. denotes the computational
cost of evaluating the corresponding baseline propagation model, including the required
terrain-profile processing.

Table 4. Algorithmic computational complexity of the baseline, deterministic, and ML-corrected

propagation workflows.

Approximate Inference

Model/Workflow Dominant Operation Complexity
Free-space Closed-form distance- and o)
P frequency-dependent formula

ITU-R P.1546 Curve %nterpolatlon and empirical 0(1)-0(log n)
correction terms
Terrain-profile analysis, diffraction

ITU-R P452 calculation, and statistical O(n)
corrections

ITU-R P1812 Terrain-profile analysis and hybrid O(n)

diffraction-related corrections

PEM reference

Numerical range-height field
solution with boundary conditions

O(NlogN) or O(NN3)

Baseline + ridge
correction

Baseline evaluation, feature
extraction, and linear correction

O(Cbase + d)

Baseline + kernel
ridge correction

Baseline evaluation, feature
extraction, and kernel prediction

o (Cbase + ntrd)

Baseline + gradient
boosting correction

Baseline evaluation, feature
extraction, and regression-tree
traversal

O(Cbase +T log Ltree)

Baseline + MLP
correction

Baseline evaluation, feature
extraction, and dense forward pass

O(Cbase + h)

As shown in Table 4, the ML-corrected workflows inherit the computational order
of the underlying baseline propagation model, with only a low-dimensional regression-
inference overhead added after feature extraction. This overhead is independent of the
two-dimensional PEM grid and does not require solving a deterministic range-height
field problem during inference. For linear models such as ridge regression, the additional
online cost is essentially proportional to the feature-vector dimension. For tree-based and
neural-network corrections, the additional cost is determined by the trained model size, but
it remains an inference-only operation on compact feature vectors rather than a numerical
electromagnetic field solution.

The computational advantage of the proposed framework should therefore be inter-
preted in an amortized sense. PEM is still required during the offline reference-generation
stage, where it provides deterministic labels for supervised learning. However, once the
correction model has been trained, repeated prediction for new terrain profiles no longer re-
quires PEM simulation. Instead, the online workflow consists of baseline-model evaluation,
construction of the 18-dimensional feature vector, and regression-model inference. Thus,
the proposed method does not eliminate the computational cost of PEM itself, but trans-
fers it to the offline training stage and preserves a substantially lower marginal inference
complexity for repeated large-scale prediction tasks.
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6. Delta Correction with Ridge Regression

This section presents the theoretical foundations of the delta correction approach based
on ridge regression (L2 regularization). We introduce the basic principles of the method
and describe the formulation of the proposed delta correction algorithm. Furthermore, we
outline the evaluation methodology used to assess the performance of the model.

6.1. Theoretical Overview and Algorithm Description

The core assumption of the ridge regression model is that the delta field is not random
noise, but is largely determined by the local geometric properties of the terrain and the
response of the baseline model, and that it is linearly related to these factors. Accordingly,
to each profile-point pair we assign the previously defined feature vector ¢; ; € R'8. The
model formulation for each profile-point pair is as follows [71,72]:

Si(d)) =w' ¢, +b+eild)), (47)

where w € R!8 is the regression weight vector, b is a global bias term, and ¢;(d ;) denotes the
residual that cannot be modeled. This implies that the systematic error of the baseline model
can be approximated in feature space by a globally linear operator of low complexity [73,74].

Reusing the composite indexing n = (i,j), wheren = 1,...,NL, the feature (design)
matrix and the target vector take the following form:

‘PlT,l o1(d1)
T 61(d
o || cprias 5 || pa 9)
N1 On{dL)

The regression model in compact form is:
d = dw+bl+eg, (49)

where 1 € RNE is a column vector of ones.

The estimation of the regression parameters could initially be formulated as a classical
least-squares fitting problem, in which the sum of squared estimation errors is minimized.
However, this approach is not sufficient for the present task. The terrain-based features
exhibit strong mutual correlations, for example, between elevation, rolling mean and
standard deviation, as well as between slope and curvature. As a consequence, the matrix
@ " ® may become poorly conditioned, leading to unstable regression coefficients with
excessively large magnitudes and, ultimately, to poor generalization performance on
unseen terrain profiles. An additional difficulty arises from the dense sampling along each
terrain profile, which implies that the training data cannot be regarded as a collection of
independent samples; without regularization, this would result in overfitting.

For these reasons, the learning problem is formulated as a regularized least-squares
optimization task [75]:

. NL 2
(W,b) = argmi?[Z ((5,, ~wle, — b) +/\||w|%] . (50)

n=1

The symbols w and b denote the estimates of the regression weights and the bias term
obtained by solving the L2-regularized least-squares optimization problem on the training
data. The second term, ||w||3 = Y w?, is the squared Euclidean norm of the regression
weight vector. For this reason, the method is commonly referred to as L2 regularization.
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From a physical and statistical perspective, regularization constrains the model from
excessively amplifying individual features; instead of reproducing sharp, profile-specific
fluctuations, the baseline-PEM discrepancy is described as a smooth, moderate correction.
The regularization parameter A > 0 controls the trade-off between data fidelity and
model simplicity.

The constant (bias) term is not regularized. This choice is motivated by the fact that
the bias represents a global offset between the baseline model and the reference solution;
penalizing this term would be unjustified and would leave a systematic residual error in the
model. The selective application of regularization is implemented through an augmented
matrix formulation. We introduce the augmented regression matrix

xo~foa, o-[y] g

together with the regularization matrix
R = diag(1,1,...,1,0), (52)

where the zero entry corresponds to the bias term, indicating that it is excluded from the
L2 penalty.

The resulting optimization problem is quadratic and admits a closed-form solution
given by the solution of the following normal equation [76]:

A -1
b= (XJXu + AR) x/s. (53)

This formulation directly illustrates the effect of regularization: the term AR stabilizes
the normal equation along the diagonal directions, improves numerical conditioning, and
guarantees a unique and stable solution. The resulting parameters define a deterministic
correction operator that improves the baseline model output in an additive manner while
preserving its underlying physical structure.

The regularization parameter A is a hyperparameter that controls the trade-off between
data fidelity and model smoothness. Its value cannot be derived analytically from the
regression problem itself and must therefore be selected using an external criterion. In
this work, A is determined by profile-level K-fold cross-validation [77]. In the proposed
cross-validation scheme, the basic unit of data splitting is a complete terrain profile rather
than an individual distance sample. The set of N profiles is partitioned into K disjoint folds,
each fold consisting of a subset of profile indices. During cross-validation, all distance
samples belonging to a given profile are assigned exclusively either to the training set or
to the validation set. Consequently, one fold typically contains multiple profiles, and the
procedure evaluates generalization performance at the profile level rather than at the point
level. For each candidate value A € A, the model is trained on K — 1 folds and evaluated on
the remaining fold, and the procedure is repeated for all folds [78]. The average validation
error is then computed as

K
MAEcy(A) = % kz MAE®) (7). (54)
=1

The optimal regularization parameter is selected according to

A = in MAEcy (1), 55
argmin cv(A) (55)
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i.e,, the value that minimizes the cross-validated mean absolute error across terrain profiles.
This selection strategy ensures that the resulting model achieves the best generalization
performance on previously unseen terrain profiles.

Prior to regression, feature standardization is essential, as the Ridge penalty is not
scale invariant. A critical aspect of the proposed implementation is, however, how this
standardization is performed. Instead of computing feature statistics over the entire dataset,
the mean and standard deviation are determined independently for each cross-validation
fold, using exclusively the samples belonging to the training profiles of the given fold.

Formally, in the k-th cross-validation fold, let TW) {1,...,NL} denote the index set
of training samples. The mean and standard deviation of the m-th feature are computed as

(k) (k) _ 1 _09)?
. _I [ _\/|fr<k>|—1n§<k><"’"fm ). 6o

nET k)

These statistics are then used to standardize both the training and validation samples
according to

std ¢71 m I’lT(ﬂ) ) (57)

n,m
o)

This step is crucial. If standardization were performed using statistics computed
over the entire dataset, information from the validation profiles would implicitly leak
into the training process, leading to overly optimistic validation results. The proposed
implementation correctly avoids such data leakage by performing feature standardization
independently within each fold.

Once the optimal regularization parameter A* has been selected, the final model is
trained using all available profiles. In this case, the feature statistics are computed over the
full dataset (42! and ¢2!'), and stored as part of the trained model. During inference on new
terrain profiles, these global statistics are applied to ensure consistency between training
and deployment.

The output of the trained model is not the delta field itself, but rather the reconstructed
reference field, obtained by additively correcting the baseline model:

9i(d;) = bi(d;) + 6i(d;), (58)

where the estimated delta term is given by
5i(dy) =w" (W) +b. (59)

This formulation ensures that the physical structure of the baseline propagation model
is preserved, while its systematic bias is corrected in a data-driven manner.

6.2. Model Performance Evaluation and Metrics

The performance of the proposed delta learning—based correction schemes was eval-
uated in a manner consistent with the physical characteristics of radiowave propagation
and the profile-level data separation applied throughout the study. Model accuracy was
assessed exclusively at the terrain-profile level, and all results are reported in terms of
electric field strength in dBuV/m.

Deterministic Parabolic Equation Modeling (PEM) outputs served as reference field-
strength profiles, while empirical and hybrid propagation models, as well as their delta-
corrected variants, provided the corresponding estimates.
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Let i denote a test terrain profile with L = 601 distance samples. The pointwise
prediction error is defined as
f
61',]' = Efe (d]) — EfSt(dj). (60)

All error metrics were first computed for each profile and subsequently aggregated.
The mean absolute error (MAE) [79] is given by

1 L
MAE,; = I Y leijls (61)
j=1

providing a robust measure of average accuracy. The root mean square error (RMSE) [80],

(62)

1
Bias,- = Z Ze,‘,j, (63)

quantifies systematic over- or underestimation. In addition, a robust percentile-based metric,
P90; = percentiley(|e;1],---,|e;ir]), (64)

was used to characterize the upper range of typical errors.

All metrics were evaluated separately for flat, urban-hilly, and mountainous ter-
rain types. For each terrain category, the final performance indicators were obtained by
averaging the corresponding profile-level metrics over the fixed test set:

1 DNeest

MAE,, 65
Ntest lzzl ' ( )

MAE =

with analogous expressions for RMSE, Bias, and P90.

To analyze learning behavior, model performance was further evaluated as a function
of the number of training profiles. For each training set size, repeated random selections of
training profiles were used, while the test set remained fixed. The resulting mean values
and dispersions of the profile-level metrics form the basis of the learning curves presented
in the Section 6.3.

6.3. Results

This subsection presents the empirical evaluation of the proposed delta learning
framework based on ridge regression. The results quantify the extent to which the learned
correction reduces the systematic deviation of the baseline propagation models with respect
to the deterministic PEM reference.

The analysis is performed separately for the three terrain categories (flat, urban-hilly,
and mountainous environments). Model performance is evaluated through learning curves
that describe the evolution of the error metrics as a function of the number of training
terrain profiles. The curves for Budapest region are shown in Figure 9.

To analyze the data efficiency and generalization behavior of the proposed delta learn-
ing framework, learning curves were constructed by evaluating the model performance as
a function of the number of training terrain profiles. For each terrain scenario, a dataset
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consisting of 5000 terrain profiles was available for training and model selection, while
an independent test set of 1000 profiles was kept fixed throughout the experiments. Each
terrain profile contained L = 601 distance samples corresponding to a propagation path of
30 km with a spatial resolution of 50 m.
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Figure 9. Error metrics as a function of the number of training profiles, Budapest region.

The learning curves were generated by progressively increasing the number of training
profiles n1y,in. For a given training size, a subset of terrain profiles was randomly selected
from the training pool. To reduce the effect of random sampling variability, the selection was
repeated multiple times, and the resulting error metrics were averaged over the repetitions.
Within each training subset, the regularization parameter of the ridge regression model
was determined using profile-level K-fold cross-validation. In this procedure, complete
terrain profiles were assigned to folds, ensuring that all distance samples belonging to a
given profile were kept within the same fold. This prevents information leakage caused
by the strong spatial correlation between neighboring samples along a terrain profile. For
each candidate value of the regularization parameter, the model was trained on K — 1 folds
and validated on the remaining fold, and the average cross-validation error was used to
select the optimal parameter.

After determining the optimal regularization parameter, the ridge regression model
was retrained on the entire training subset of size #1,in. The resulting model was then
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evaluated on the fixed test set of 1000 terrain profiles. Performance metrics were computed
at the profile level according to Equations (61)—(64), and the reported values correspond
to averages over the full test set. This procedure was repeated for all considered baseline
propagation models (free-space, ITU-R P.1546, ITU-R P.1812, and ITU-R P.452), resulting
in the learning curves shown in Figure 9 for the urban-hilly Budapest scenario. The same
evaluation methodology was applied to the other terrain categories.

A clear saturation behavior can be observed: the error metrics reach their minimum
values already at relatively small training set sizes of approximately 71y,in~30—40 terrain
profiles. Beyond this point, increasing the number of training samples results only in marginal
changes in the error metrics. This indicates that the proposed feature representation captures
the dominant terrain-dependent correction patterns efficiently, and that the regression model
can be trained successfully even with a limited number of reference profiles.

The magnitude of the improvement provided by the learned delta correction depends
on the baseline propagation model. The largest gain is observed for the simplest models.
In the case of the free-space model, the MAE decreases from approximately 38 dB to about
19 dB after correction, corresponding to roughly a twofold reduction in the average error. A
similarly pronounced improvement can be observed for the empirical ITU-R P.1546 model,
where the error decreases substantially once the correction model is trained.

For the more accurate hybrid propagation models (ITU-R P.452 and ITU-R P.1812),
the achievable improvement is naturally smaller, since these models already incorporate
terrain-dependent physical mechanisms. Nevertheless, the results confirm that the learned
correction further reduces the residual error. It is also notable that the curves of the ITU-
R P452 and ITU-R P.1812 models are almost identical across all error metrics, suggesting
that the two models exhibit very similar residual structures relative to the PEM reference.

The bias curves provide additional insight into the behavior of the correction model.
For all baseline models, the initial systematic over- or underestimation relative to the
PEM reference gradually disappears as the number of training profiles increases. The bias
converges toward zero, indicating that the learned correction successfully compensates
for the systematic component of the baseline error. As a result, the remaining deviation
between the corrected model and the reference becomes approximately noise-like, which is
consistent with the expected behavior of the delta-learning framework.

Figure 10 presents representative examples of corrected propagation profiles for the
Budapest scenario.

In each subplot, the baseline model prediction, the PEM reference, and the ridge-
regression-based estimates are shown together with the terrain profile. Two corrected
curves are illustrated: one obtained using a very small training set (#1in = 25) and
another using a much larger training set (#11in = 1000). The figure confirms the trends
observed in the learning curves. Even when the regression model is trained using only a
small number of terrain profiles, the corrected estimate already follows the PEM reference
considerably better than the original baseline prediction. Increasing the training set size
further improves the agreement slightly, but the difference between the two corrected curves
remains relatively small, which is consistent with the early saturation of the learning curves.

The effect of the correction is particularly visible for the simpler baseline models,
where the original predictions deviate strongly from the PEM reference. In contrast, for the
hybrid models (ITU-R P452 and ITU-R P.1812), the baseline predictions are already closer
to the reference, and the learned correction mainly refines the remaining local deviations
along the propagation path.

The results obtained for the Kecskemét region (Figures 11 and 12) show a behavior
that is largely consistent with the trends observed in the Budapest scenario.
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Figure 10. Examples for calculated profiles with ridge regression, Budapest region.

As shown in Figure 11, the learning curves again exhibit a rapid saturation with respect
to the number of training profiles. Similar to the Budapest case, the error metrics reach
their minimum values already at approximately #1y4in~30 profiles, indicating that only a
limited number of reference samples is required to train the correction model effectively.
However, the absolute error levels are generally lower than in the Budapest region, which
can be attributed to the less complex terrain morphology and the consequently simpler
propagation conditions.

The largest relative improvement is again seen for the simplest baselines. The empirical
ITU-R P.1546 model shows a substantial reduction in all error metrics after correction, while
the free-space model also improves, though its remaining errors stay higher due to its
inherent limitations.

For the hybrid models (ITU-R P.452 and ITU-R P.1812), the improvement is smaller but
still clear. As in the Budapest case, their curves nearly overlap across all metrics, indicating
very similar residual error structures relative to the PEM reference.

The bias curves show that systematic errors decrease with increasing training set size
and approach zero for all models, confirming that the learned delta correction removes
systematic error. Figure 12 also shows that corrected profiles follow the PEM reference
much better than the original baselines, even with limited training data.

The Matra learning curves, representing a mountainous region, are shown in Figure 13.

Compared to the previous two terrain types, a slower saturation effect can be observed
(MTrain~70-80). At the same time, the initial error value at #1155, = 0, which represents the
error between the baseline model result and the PEM reference result, is the most significant

in the case of the free space model.
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Figure 11. Error metrics as a function of the number of training profiles, Kecskemét region.
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Figure 12. Examples for calculated profiles with ridge regression, Kecskemét region.
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Figure 13. Error metrics as a function of the number of training profiles, Matra region.

Here, the model provides a substantial improvement of 35 dB in the MAE value,
while for the ITU models the improvement is smaller but still significant. The consistent
under- and overestimation of the models is again smoothed by the ridge regression delta
estimation, making it noise-like and close to 0 dB.

Overall, although a larger training sample is required for this terrain type, with
100 samples the model already reaches the limit of its performance, providing a significant
improvement compared to the baseline results.

Figure 14 shows examples of the estimation of field strength level curves using 25 and
1000 training samples.

It can be clearly observed how challenging it is for our linear ridge regression model to
operate in an environment fragmented by mountains and hills for all baseline models, with
particular difficulty in the case of the free space model. The curves clearly demonstrate
both this difficulty and the nevertheless considerable improvement in error.

Although the model faces the greatest challenge here among the three terrain types, a
significant improvement can still be achieved even in this context. Despite the previously
discussed limitations, this makes its practical applicability possible.

Overall, the ridge-regression-based delta correction provides a consistent and sub-
stantial improvement across all investigated terrain categories and baseline propagation
models. In the urban-hilly Budapest scenario, the largest gain is observed for the free-space
baseline, where the MAE decreases from approximately 38 dB to about 19 dB, correspond-
ing to roughly a 50% reduction in the average error. The empirical ITU-R P.1546 model
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also exhibits a strong improvement, with typical error reductions on the order of 30—40%,
while the hybrid ITU-R P.1812 and ITU-R P.452 models show smaller but still consistent
improvements of approximately 10-20%, reflecting their already higher physical fidelity. In
the flat Kecskemét region, where baseline models already provide relatively accurate predic-
tions, the achievable improvement is naturally more moderate but still significant, typically
ranging between 20-40% depending on the baseline model. In the mountainous Métra
scenario, which represents the most challenging propagation environment, the learned
correction remains highly effective: for the free-space baseline the MAE improvement
reaches roughly 35 dB, corresponding to an error reduction of about 45-55%, while the
ITU-based models still benefit from improvements in the range of approximately 15-30%.
Across all terrain types, the systematic bias of the baseline models is effectively eliminated,
with the residual error converging toward a noise-like distribution around zero.
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Figure 14. Examples for calculated profiles with ridge regression, Métra region.

These results demonstrate that the proposed ridge-regression delta-learning frame-
work can reliably capture the systematic discrepancy between fast empirical or hybrid
propagation models and the deterministic PEM reference, enabling substantial accuracy
improvements while preserving the computational efficiency of the baseline approaches.
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7. Delta Correction with Kernel Ridge Regression

This section extends the previously introduced ridge regression framework by incor-
porating nonlinear feature transformations through kernel methods. While the linear ridge
regression model assumes that the residual correction term can be approximated as a linear
function of the feature vector, this assumption may be restrictive when the relationship
between terrain descriptors and propagation-model errors is inherently nonlinear.

To address this limitation, we introduce kernel ridge regression, which enables non-
linear regression while preserving the regularized least-squares formulation of ridge re-
gression. The section first presents the theoretical foundations of the kernel-based formu-
lation, including the representer theorem and the resulting dual problem. Subsequently,
we describe the use of the radial basis function (RBF) kernel and the landmark-based
approximation employed to make the method computationally tractable for large terrain-
profile datasets.

7.1. Theoretical Overview and Algorithm Description

While ridge regression assumes a globally linear relationship between the feature
representation and the residual field, the systematic error of propagation models may
exhibit nonlinear dependencies on terrain geometry and baseline responses. In particular,
diffraction effects, terrain shadowing, and the interaction of local and global terrain de-
scriptors may introduce nonlinear structures that cannot be captured by a linear model in
the original feature space. For this reason, we can assume that the linear ridge regression
framework introduced in the previous subsection can be extended to a nonlinear regression
model through the application of kernel methods.

Let

R8N (66)

denote a nonlinear mapping that transforms the original feature vector ¢; ; into a (possibly
high-dimensional) Hilbert space . In this transformed space, the regression model takes
the form

Si(d) = wp(¢; ;) +b+ei(d)), (67)

where w € H denotes the regression coefficient vector in the transformed feature space, b
is a bias term, and ¢;(d;) represents the residual modeling error [82].

Similarly to ridge regression, the parameters of the model are obtained by minimizing
a regularized least-squares objective:

. N L 2
(W,b) = argmiglz Y- (0i(dy) —w () ~b) +A|w||2], (69)
Wb li=1j=1

where A > 0 is the regularization parameter controlling the trade-off between data fidelity
and model complexity [83].

Direct computation of the nonlinear mapping ¢ (-) may be computationally impractical
if the dimensionality of the feature space H is large. Kernel methods overcome this difficulty
through the so-called kernel trick. Instead of explicitly evaluating ¢ (-), the regression model
is expressed entirely through inner products in the transformed feature space. For two
profile-distance samples (7,j) and (k, 1), the similarity between their feature vectors is
measured using a kernel function

K(;j b1) = 9(9;) " 9(r)- (69)
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According to the representer theorem, the optimal solution of the regularized regres-
sion problem defined in Equation (68) can be expressed as a linear combination of the
mapped training samples. Consequently, the regression function can be written as

L

N
=) E g K(gpp), @) +b, (70)
k=11=1

where wy ) are scalar coefficients associated with the training samples indexed by (k, ).
Let the kernel matrix be defined as

Kijy,wn = K@i j 1), 71)

which contains the pairwise kernel evaluations between all training samples. Using the
composite index n = (i,]) introduced earlier, the kernel matrix K € RNIXNL can be
constructed from these elements [84].

The coefficients can then be obtained by solving the linear system

(K+ADa = 4, (72)

]RNL RNL

where « € is the vector of kernel coefficients and § €

in Equation (49).

is the target vector defined

For a new terrain-profile point characterized by the feature vector ¢, ;, the predicted
residual value becomes

. N

L
Si(dj) =) ) e K@ @ )- (73)

k=11=1
Within the delta learning framework introduced earlier, the reconstructed reference
field is obtained by additively correcting the baseline model output

9i(d;) = bi(d;) + 6;(d)), (74)

which preserves the additive correction structure defined in Equation (8).
In this study, nonlinear similarity between feature vectors is modeled using the radial
basis function (RBF) kernel

Ipi; — pril?
K(¢;j pr1) = exp (‘W) , (75)

where 0 is the kernel bandwidth parameter controlling the smoothness of the regression
function [85].

Because each terrain profile contains L samples and the total number of training
samples equals NL, the kernel matrix K € RNIXNL jntroduced in Equation (72) may
become very large. Consequently, solving the full kernel ridge regression system can be
computationally expensive both in terms of memory usage and computational complexity.

To address this limitation, we employ a landmark-based low-rank approximation of
the kernel matrix. Instead of using all training samples as kernel basis functions, a smaller
subset of representative feature vectors is selected from the training data. These vectors are
referred to as landmark points.

Let

= {uy,...,um} (76)
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denote a set of m landmark feature vectors, where each uy is selected from the training
feature vectors ¢; ; and m < NL. These landmark vectors serve as representative samples
that approximate the kernel interactions of the full training set.

Using these landmark points, kernel evaluations are computed only between the
training samples and the landmark vectors. This results in the rectangular kernel matrix

Kun = [K(@;w0)], (77)

which contains the similarities between all training samples and the landmark points. In
addition, the pairwise kernel evaluations between the landmark vectors form the matrix

Kym = [K(ukr 111)]1@1:1/ (78)

where Ky, € R™*™ contains the kernel similarities among the landmark feature vectors.
Using this low-rank approximation, the kernel ridge regression problem can be refor-
mulated as
(K K + Ay )a = K1, 8, (79)

where a € R" is the vector of regression coefficients associated with the landmark points.
This approximation is closely related to Nystrom-type kernel approximations commonly
used for scalable kernel methods.

Once the coefficients a are obtained, the predicted residual for a new feature vector

¢; j can be evaluated as

Si(dj) = Y axK(ep, j we)- (80)
k=1

This formulation replaces the full kernel expansion over all NL training samples with a
reduced expansion over only m landmark points. As a result, the computational complexity
of kernel ridge regression is significantly reduced, while the model retains the ability to
capture nonlinear relationships between terrain features and the systematic errors of the
baseline propagation model [86].

7.2. Results

The performance of the proposed delta-learning framework was further evaluated
using kernel ridge regression (KRR). The evaluation protocol follows the same profile-level
methodology described previously in order to ensure direct comparability with the ridge
regression results.

For each terrain scenario, the available terrain profiles were partitioned into a training
pool and a fixed test set using a profile-level split. Approximately 20% of the profiles
were reserved for testing, while the remaining profiles were used for model selection and
training. Each terrain profile contains L = 601 distance samples corresponding to a 30 km
propagation path with a spatial resolution of 50 m.

Similarly to the ridge regression experiments, learning curves were constructed by
progressively increasing the number of training terrain profiles while keeping the test
set fixed. For each training set size, the model was trained on the selected profiles and
evaluated on the same independent test set.

The learning curves obtained for the Budapest region are shown in Figure 15.
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Figure 15. Examples for calculated profiles with kernel ridge regression, Budapest region.

These curves illustrate the evolution of the prediction error as a function of the number
of training terrain profiles used to train the kernel ridge regression model.

A behavior similar to that observed for the linear ridge regression model can be identi-
fied. The error metrics decrease rapidly when the first few training profiles are introduced,
indicating that the model quickly learns the dominant terrain-dependent correction pat-
terns. The most pronounced error reduction occurs within the range of approximately
10-30 training profiles. Beyond this range, the curves gradually approach a stable level and
further increases in the training set size lead only to marginal improvements.

This saturation behavior suggests that the feature representation introduced in
Section 4 captures the most important terrain-dependent structures of the baseline model
residual with relatively small training datasets.

Figure 16 presents representative examples of corrected propagation profiles obtained
with ridge regression and kernel ridge regression for the Budapest region.

The plots illustrate the baseline model predictions, the PEM reference solution, and
the corrected estimates for both a small training set (#114in = 25) and a large training set
(NTrain = 1000).

In all cases, both learning approaches significantly reduce the deviation of the baseline
propagation models from the deterministic PEM reference. The improvement is particularly
pronounced for the simpler baseline models, such as free-space propagation and the
empirical ITU-R P.1546 model, where the original baseline curves differ substantially from
the PEM reference. After correction, both regression methods shift the predicted profiles
toward the reference solution and capture the main large-scale propagation trends along
the path.
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When only a small number of training profiles is available, the kernel ridge regression
model tends to follow local fluctuations of the reference curve more closely, whereas the
ridge regression solution produces smoother estimates that primarily capture the dominant
propagation trend. As the number of training profiles increases, the corrected curves
produced by both approaches converge and the overall differences between the two models

become small.

Kernel Ilizigge Regression, Budapest Region: PEM est. from ITZ%E)R P.452
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Figure 16. Examples for calculated profiles with kernel ridge regression, Budapest region.

For the hybrid baseline models (ITU-R P.452 and ITU-R P.1812), the baseline predictions
are already closer to the PEM reference, and therefore the achievable correction is more
moderate. In these cases, both regression models produce very similar corrected profiles,
indicating that the residual structure of the hybrid models relative to the PEM solution can
be captured effectively even by the linear ridge formulation.

Overall, the profile-level examples for the Budapest region indicate that both ridge
regression and kernel ridge regression are capable of substantially reducing the system-
atic deviation of the baseline propagation models from the PEM reference solution. In
particular, the corrected profiles follow the dominant large-scale propagation trends along
the path, while the remaining discrepancies are mainly associated with small-scale fluc-
tuations of the reference field strength. The visual comparison further suggests that the
two regression approaches produce very similar corrected profiles once sufficient training
data are available. However, the learning curves indicate that the kernel ridge regression
model typically requires a somewhat larger number of training profiles before the error
metrics stabilize. This behavior is consistent with the higher model flexibility of the kernel
formulation, which allows the regression to capture local variations of the reference curve
but also increases the data requirement for stable generalization.

The evolution of error metrics in the case of Kecskemét Region is illustrated in

Figure 17.
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Figure 17. Error metrics as a function of the number of training profiles, Kecskemét region.

The learning curves clearly indicate a rapid convergence of the error metrics as the
number of training profiles increases. For all baseline propagation models, the largest
improvement occurs within approximately the first 1020 training profiles, after which the
curves gradually approach a stable error level. This behaviour is consistent across all error
metrics (MAE, RMSE, Bias and Pog) and reflects the relatively simple propagation condi-
tions of the investigated flat-terrain environment. Compared to the more complex urban
and hilly terrain of the Budapest region, the propagation behaviour over the Kecskemét
region is less affected by terrain-induced diffraction and shadowing effects, which leads to
smoother and more predictable residual structures that can be learned with relatively small
training datasets.

The magnitude of the achievable improvement depends strongly on the baseline
propagation model. The largest reduction in error is observed for the empirical ITU-R P.1546
model, which exhibits a large initial deviation from the PEM reference. In contrast, the
hybrid models ITU-R P.452 and ITU-R P.1812 already provide relatively accurate baseline
predictions for this terrain type, and therefore only moderate improvements can be achieved
through the learning-based correction.

A comparison with the ridge regression results presented earlier also indicates that
the kernel ridge formulation does not provide a measurable performance advantage in this
scenario. The final error levels obtained with kernel ridge regression are nearly identical
to those achieved with the linear ridge regression model. This observation suggests that
the residual error between the baseline models and the PEM reference can already be well
represented within the chosen feature space using a linear mapping.

Figure 18 presents representative propagation profiles obtained with kernel ridge
regression for the Kecskemét region.
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Figure 18. Examples for calculated profiles with kernel ridge regression, Kecskemét region.

The plots illustrate the baseline model predictions, the PEM reference solution, and the
corrected estimates obtained using two different training set sizes. Similarly to the ridge
regression results presented earlier, the learning-based correction substantially reduces
the deviation of the baseline propagation models from the deterministic PEM reference.
This effect is particularly visible for the empirical ITU-R P.1546 model and the free-space
baseline, where the original predictions differ considerably from the reference solution.
After applying the correction, the predicted curves shift towards the PEM reference and
reproduce the dominant large-scale propagation behaviour along the path.

A comparison with the ridge regression results indicates that the kernel ridge formula-
tion does not provide a noticeable qualitative improvement in the corrected profiles. For
both small and large training sets, the estimated curves closely resemble those obtained
with the linear ridge regression model. The remaining discrepancies relative to the PEM
reference are mainly associated with small-scale fluctuations in the field strength, which
are difficult to reproduce exactly by either regression approach.

This behaviour is consistent with the learning-curve analysis presented earlier. The
similarity between the ridge and kernel ridge results suggests that the residual error
between the baseline models and the PEM reference can already be represented effectively
within the chosen feature space using a linear mapping. Consequently, the additional
flexibility of the kernel formulation does not translate into improved prediction accuracy
for this terrain type.

Last, but not least, Figure 19 shows the evolution of the prediction errors as a function
of the number of training profiles for the Matra region using kernel ridge regression.

The error metrics decrease rapidly as the number of training profiles increases and grad-
ually converge towards a stable level. Compared to the flat-terrain case, the convergence is
slightly slower, reflecting the increased propagation complexity of the mountainous environ-
ment, where diffraction and terrain shadowing lead to more complex residual structures.
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Figure 19. Error metrics as a function of the number of training profiles, Matra region.

The magnitude of the correction depends strongly on the baseline model. The largest
improvement is observed for the free-space and ITU-R P.1546 models, which exhibit large
baseline deviations from the PEM reference. In contrast, the hybrid models ITU-R P.452
and ITU-R P.1812 already provide relatively accurate baseline predictions, and therefore
only moderate improvements can be achieved through the learning-based correction.

A comparison with the ridge regression results shows that kernel ridge regression
does not provide a measurable performance advantage in this region. The final error
levels obtained with both approaches are nearly identical, indicating that the residual error
between the baseline models and the PEM reference can already be represented effectively
within the selected feature space using a linear mapping.

Figure 20 shows representative propagation profiles obtained with kernel ridge regres-
sion for the Matra region.

The corrected profiles follow the dominant large-scale behaviour of the PEM reference
and substantially reduce the deviation of the baseline models, particularly for the free-space
and ITU-R P.1546 cases where the baseline errors are large in mountainous terrain. A visual
comparison with the ridge regression results presented earlier indicates that the kernel
ridge formulation produces very similar corrected profiles. The remaining discrepancies
are mainly associated with strong local fluctuations caused by terrain-induced diffraction
and shadowing, which are difficult to reproduce exactly by either regression approach.

Overall, the kernel ridge regression model provides stable and accurate delta cor-
rections across all three terrain scenarios. The corrected predictions closely follow the
deterministic PEM reference, confirming that the residual structure between baseline mod-
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els and the deterministic solution can be effectively learned from terrain-profile-derived
features. The magnitude of the correction increases with terrain complexity, with the largest
deviations observed in the mountainous scenario, where diffraction and terrain-induced
shadowing effects are strongest.
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Figure 20. Examples for calculated profiles with kernel ridge regression, Métra region.

At the same time, the kernelized formulation does not yield a substantial improvement
compared to the linear ridge regression model. This indicates that the relationship between
the engineered terrain features and the residual correction is largely linear within the chosen
feature space. Consequently, most of the systematic baseline-model error can already be
captured by the simpler linear model, while the remaining deviations are likely dominated
by stochastic or small-scale propagation effects that cannot be represented by the available

terrain descriptors.

8. Delta Correction with Gradient Boosting Regression

This section introduces the theoretical framework of the delta correction approach
based on gradient boosting regression. In contrast to ridge regression models, which
assume a global linear relationship between the feature vector and the residual correction
term, gradient boosting constructs a flexible nonlinear model through an additive ensemble

of weak learners.
Following the theoretical overview, we examine the performance of this model in

addressing the investigated wave propagation delta-correction problem, using the analyses

and metrics presented in the previous chapters.
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8.1. Theoretical Overview and Algorithm Description

The gradient boosting model approximates the target mapping as a stage-wise additive
expansion of the form

M
su(@) = L vhn(9) @)

m=1

where I, : R1® — R denotes the m-th weak learner, M is the number of boosting iterations,
and v € (0, 1] is the learning rate controlling the contribution of each component [87]. In the
present formulation, the weak learners are regression trees, which implement piecewise-
constant approximations by recursively partitioning the feature space. Each tree therefore
acts as a nonlinear basis function, enabling the model to capture interactions and local
dependencies between the input features [88].

The additive structure implies that the model is constructed iteratively. Starting from
an initial model

NL
go(9) = argmin ) £(dy,c), (82)
n=1
the model is updated in a stage-wise manner as

gn(P) = gm-1(P) +vhm(g). (83)

The learning procedure can be interpreted as functional gradient descent in function
space. At iteration m, the pseudo-residuals are defined as

(m) _ _ 9(0n,8(¢n)) "
K 98 g &9

For the squared error loss function

€(on,8(Pn)) = (5n_g(¢n))2r (85)

the pseudo-residuals reduce to
r}(’lm) = On — &m-1(¢n)- (86)
Thus, at each iteration, the next weak learner is obtained by solving
NL 2
hy = argmin ) (r,(j”) - h(<pn)) . (87)
n=1

In this work, &y, (-) is implemented as a regression tree [89]. Such a tree partitions the
feature space R!® into a finite number of disjoint regions,

Kin
k=1

and assigns a constant value to each region. The resulting function can be written as
T ()
hm((P) = kzzlck 1{¢6R}<<m)}/ (89)

where 1/ denotes the indicator function. The constants are computed as
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1
clgm) = — ) r,(J”). (90)
IR pner™

This formulation shows that each regression tree defines a piecewise-constant approxi-
mation of the residual field. Geometrically, this corresponds to a partitioning of the feature
space into axis-aligned regions, where each region is associated with a constant correction
value. Each split is performed along one component of the feature vector ¢, as illustrated
in Figure 21. Here, ¢(*) denotes the a-th component of the feature vector ¢ij-

By combining multiple such trees, the final model can be expressed as

LB )
gml@) = Y vy o 1 o, 1)
m=1 k=1 {oeRc ™}
¢(h)
1
1
cgm) :
(m)
Tz—————————: ‘s
1 1
1 1
1 1
1 1
1 P Ty
dm oy gm
1 1
i "
1 1
: : (a)
g T ¢

(b) Induced partition of the feature space

(a) Regression tree

Figure 21. Interpretation of a regression tree used as a weak learner in gradient boosting. (a) Tree
structure defining threshold-based splits on selected components of the feature vector ¢, with decision
directions indicated on the edges. (b) Corresponding partition of a two-dimensional feature space
spanned by ¢(®) and ¢(?), where each region is associated with a constant correction value. Colors
indicate the correspondence between leaf nodes and regions.

This representation highlights that the gradient boosting model is a superposition
of simple, locally defined corrections. Each individual tree provides a coarse approxi-
mation, while their superposition results in a progressively refined representation of the
residual field [90].

The learning rate v controls the contribution of each tree and therefore affects both
convergence and generalization. The overall model complexity is determined by the
number of boosting iterations M, the learning rate v, and the complexity of the individual
regression trees.

In the context of delta correction, the model is trained to approximate

0 = Eref — Epases (92)
and the final corrected prediction is obtained as

Ecorr = Epase T 8M (‘P) (93)
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8.2. Results

The learning curves and the examples of the gradient boosting regression model
(Figures 22 and 23) for the Budapest region show a consistently strong and well-balanced
performance compared to both ridge and kernel ridge regression.
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Figure 22. Error metrics as a function of the number of training profiles, Budapest region.

While ridge regression reaches a plateau already at low training sample sizes (around
10-15 samples) with MAE values of approximately 11 dB, and kernel ridge regression
gradually improves to about 7-8 dB, gradient boosting achieves similar MAE levels (ap-
proximately 7-8 dB for ITU-R P.452 and ITU-R P.1812) but reaches this accuracy significantly
earlier. This indicates a clear advantage in data efficiency.

More pronounced differences are observed in RMSE, where ridge regression remains
in the range of 20-30 dB and kernel ridge regression reduces this to approximately 16-20 dB,
while gradient boosting further decreases it to around 11-12 dB. This substantial improve-
ment suggests a more effective handling of large prediction errors.

The primary benefit of gradient boosting lies instead in its faster convergence and
lower RMSE, reflecting better control over error variance. This behaviour can be attributed
to its locally adaptive structure, which allows it to model spatially varying and discontinu-
ous propagation effects more effectively than both the global linear ridge model and the
globally nonlinear kernel ridge approach.

The results show that gradient boosting provides the closest agreement with the PEM
reference among the evaluated models.

The reconstructed profiles capture both the global decay trend and a significant portion
of the local variations along the propagation path. In particular, rapid signal fluctuations
and attenuation regions, often associated with terrain features, are reproduced with higher
fidelity compared to the other methods.
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In comparison, ridge regression mainly corrects the global trend but fails to represent
local variations, while kernel ridge regression captures part of the nonlinear behaviour but
still produces relatively smooth profiles. Gradient boosting differs by exhibiting clear local
adaptivity, allowing it to follow sharp signal changes more closely.

Gradientl%oosting Regression, Budapest Region: PEM est. from ITZ%—R P.452
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Figure 23. Examples for calculated profiles with gradient boosting regression, Budapest region.

Figure 24 presents the error metrics of the gradient boosting regression model for the
Kecskemét region, while Figure 25 shows the profile examples.

In contrast to the Budapest results, all three models exhibit very rapid convergence, reach-
ing stable performance already at low training sample sizes (approximately 10-15 samples).

The gradient boosting model achieves MAE values of approximately 4-6 dB for the
ITU-based inputs, which are nearly identical to those obtained with ridge and kernel ridge
regression. Similar behaviour is observed for RMSE and Py, indicating that in the relatively
homogeneous Kecskemét region, simple linear correction is already sufficient to capture
the dominant propagation behaviour.

A small local increase in error is observed in the Free Space case around #y,in, = 50-60.
This effect appears across all models and can be attributed to the sensitivity to training
sample composition, as the lack of environment-specific information makes the correction
more dependent on sample representativeness.

Overall, the results suggest that in this environment, more complex nonlinear and
locally adaptive models provide only marginal improvement over linear approaches. This
claim is supported by a comparison of the results of the depicted profiles with those of

ridge regression.
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Figure 24. Error metrics as a function of the number of training profiles, Kecskemét region.
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Figure 25. Examples for calculated profiles with gradient boosting regression, Kecskemét region.
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The performance of the Gradient Boosting Regression (GBR) model in the mountainous
Matra region shows that the error metrics stabilize already at relatively low training sample
sizes. As illustrated in Figure 26, both MAE and RMSE exhibit a rapid initial decrease,
followed by a plateau, indicating that the model is able to efficiently capture the dominant
global trends with a limited number of training profiles. A similar behavior can be observed
for the bias and percentile-based metrics, which also converge quickly toward stable values.

At the same time, the profile-level results in Figure 27 reveal that, despite the overall
stability of the global metrics, significant local deviations remain present. The reconstructed
field strength profiles follow the general trend of the PEM reference well, particularly when
physically more consistent baseline models (e.g., ITU-R P.452 and P.1812) are used.
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Figure 26. Error metrics as a function of the number of training profiles, Matra region.

However, localized phenomena such as diffraction-induced minima and shadowing
effects are only partially captured, leading to noticeable discrepancies in specific sections of
the profiles.

These observations indicate that the GBR model provides a robust approximation of
the overall propagation behavior, but its performance is fundamentally constrained by
the complexity of the underlying physical processes. The remaining errors are primarily
associated with localized terrain-induced effects, which are not fully represented in the
input features. Consequently, further improvements are expected to depend less on the
regression method itself and more on the incorporation of physically meaningful descriptors
that better characterize the propagation environment.

To sum up: although GBR provides a stable approximation of the global behavior
and reaches this stable regime already at relatively low training sample sizes, it does not
yield a significant improvement over simpler regression methods, indicating that model
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Gradient Boosting Regression, Matra Region: PEM est. from Free Space 700 150

performance is primarily limited by the physical complexity of the propagation process
rather than the choice of the regression algorithm.
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Figure 27. Examples for calculated profiles with gradient boosting regression, Matra region.

9. Delta Correction with Multilayer Perceptron Regression

This section presents the short theoretical framework of the delta correction approach
based on multilayer perceptron (MLP) regression. The aim of the implementation of this
model is to capture complex nonlinear relationships between the input features and the
residual correction term through a layered neural network structure.

Following the theoretical overview, the performance of the MLP-based correction is
evaluated for the investigated propagation scenarios, using the same metrics and analysis
framework introduced in the previous chapters.

9.1. Theoretical Overview and Algorithm Description

The nonlinear residual correction is formulated as the approximation of the mapping
from the extended feature vector to the baseline error. Reusing the notation introduced in
Section 4, for profile i and distance sample d i the residual is defined as

Sij = yild;) —bi(d;), (94)
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where b;(d;) is the baseline prediction and y;(d;) is the reference value. The learning task is
therefore not the direct approximation of the reference field itself, but the approximation of
the residual operator

fo:R® =R, b = fole;)), (95)

with ¢, ; € R!® denoting the extended feature vector defined previously as the concatena-
tion of the local descriptor vector @ € R?® and the global profile descriptor g; € R!’. In
this way, the model operates entirely within the residual-learning framework introduced
earlier, and remains fully consistent with the additive reconstruction

9i(d;) = bi(dj) +9;. (96)

This additive structure is also shown explicitly in Figure 28, where the output of the neural
network is interpreted as a correction term rather than a standalone propagation estimate [91].
To define the training set in a compact form, a composite indexn = (i, ) is introduced,
withn = 1,...,NL, yielding
D = {(¢,.0n)}2h, (97)

where ¢, = ¢;;and J, = ¢;;. Since each terrain profile contains L strongly correlated
spatial samples, the regression problem is pointwise only in its algebraic form; statisti-
cally, the samples are structured and grouped by profile. Therefore, data partitioning is
performed at the profile level; i.e., entire terrain profiles are assigned either to the training
pool or to the fixed test set.

The regression function fy is implemented as a feedforward multilayer perceptron
with two hidden layers. Let the standardized input vector be z; ; € R!8, obtained from b
by feature-wise normalization:

Zym = T = 1,...,18, (98)

or in vector form
z, = D' (¢, —p), (99)

where u € R is the vector of feature means and D, = diag(cq,...,013) is the diagonal
matrix of standard deviations [92].
The forward propagation through the network is defined as

ht — tanh(W(l)zn + b(l)), (100)
h{?) = tanh(W2h) +b?), (101)
5y = WO 1 p0), (102)
with parameter dimensions
WD) ¢ R40X18 b)) ¢ R4, (103)
W@ ¢ Rox40 b@ ¢ R, (104)
w0 e RIX20, b e R. (105)

In compact form, the network realizes the mapping

folzn) = WO tanh(w(2> tanh(W(l)z” + b(l)) + b<2>) + 50, (106)
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The hidden layers use the hyperbolic tangent activation function, corresponding to the
tansig transfer function in MATLAB 9.7.0.1190202 (R2019b), while the output layer is linear
(purelin). This structure is consistent with Figure 28, where nonlinear transformations are
applied in the hidden layers and a linear mapping is used at the output [93,94].

20 neurons

y y

y = tanh(x) y = tanh(x)

Figure 28. Multilayer perceptron used for delta correction. The network maps the feature vector ¢, ; to
the residual 5,-,]-, which is added to the baseline model output b;(d;) to obtain the corrected prediction
#i(d;). The inset plots illustrate the activation functions used in the hidden and output layers.

Let Zyxy C {1,...,N} and Zie C {1,..., N} denote the sets of terrain profile indices
assigned to the training and test sets, respectively, with Ziy N Zie = ©. The corresponding
set of training samples is defined as

T={(j)|i€ly j=1,...,L}, (107)

so that |[7| = NyL, where Ny = |Zy|. This formulation reflects the profile-level data
split, while the loss is evaluated over all distance samples within each training profile.
The model parameters 6 are obtained by minimizing the empirical mean squared error

£(6) = |},| L (6~ foten)’ (108)

or equivalently,

1
" NgL

L
Y Y (vild) — [bi(d) + fo(zi)]). (109)

i€Ty j=1

L(0)

The optimization is performed using scaled conjugate gradient (SCG) backpropaga-
tion [95]. Denoting the parameter vector at iteration t by (), the update rule is

0U+) = ) + ypy, (110)

where p; is a conjugate search direction and «a; is the SCG scaling coefficient determined
internally by the algorithm [96].
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After training, the corrected prediction on the test set is obtained as
9i(d;) = bi(d)+6j, i€Le j=1,...,L (111)
and evaluated using the same profile-level metrics as the baseline model.

9.2. Results

The error metrics of the MLP regression model as a function of the training set size for
the Budapest region and the sample results are shown in Figures 29 and 30.

Looking at the results, two key observations can be made. First, for small training
sample sizes, the model’s error metrics are unstable and fluctuate between extreme values,
especially compared to the previously examined models. As the sample size increases,
the metrics clearly converge toward their minimum values. With sufficient data, already
around 500 terrain profiles, the model yields significantly better results than the earlier
approaches. For example, the ITU-R P.452 and ITU-R P.1812 models achieve MAE values
below 10 dB. Even the free space propagation model shows notable improvement, with
MAE dropping well below 20 dB. Although gradient boosting regression produces similar
error metrics, the MLP proves more robust and less sensitive to outliers or locally erroneous
input data.
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Figure 29. Error metrics as a function of the number of training profiles, Budapest region.
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Figure 30. Examples for calculated profiles with MLP regression, Budapest region.

In all cases, the baseline predictions exhibit systematic deviations from the reference
and fail to capture local terrain-induced variations along the propagation path, particularly
in regions with rapid changes in signal level.

The MLP-based correction significantly improves the agreement with the PEM re-
sults across all models. Even with a small training set (train = 25), the dominant bias
is reduced and the overall trend of the reference solution is more accurately followed,
although fine-scale variations are still only partially reproduced. With a larger training set
(train = 1000), the corrected curves closely track the PEM reference over the entire distance
range, capturing both the global behavior and a substantial portion of the local fluctuations
associated with terrain features.

The improvement is consistent across all examined baseline models, including both
empirical and hybrid approaches, indicating that the proposed method is robust with
respect to the underlying propagation model. These visual observations are in good
agreement with the previously reported improvements in the error metrics.

In the Kecskemét region, the MLP regression demonstrates strong performance, with
relatively fast convergence as the number of training samples increases, as illustrated
in Figure 31. The model stabilises already at moderate training sizes (~30-50 samples),
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achieving MAE values of approximately 5-7 dB and RMSE in the range of 8-10 dB. The bias
rapidly approaches zero, while the Pgy metric indicates low extreme errors (~10-12 dB).

DE/SI({JP Regression, Kecskemet Region — MAE

MLP Regression, Kecskemet Region — RMSE

® —e— Free Space 70 —oe— Free Space
sol --8--ITU-R P.452 | | --8-~ITU-R P.452
£ § ITU-R P.1546 60 ITU-R P.1546 |
«@- ITU-R P.1812 wo@e ITU-R P.1812
. 40 _ 50k
z |k )
g 30 o 40
< i) %
i =
el .
i E
i 20 ki
10<'i &\f\’ / ~8-6-6-
i o-8 ; - o-0-6-0-6-)
4855900 n0-000009D : :
[ A0 2 222 FY OSSP O6! 10 999089006004
0 . : . . 0 | i
0 20 40 60 80 100 60 80 100
NTrain NTrain

lg/(I)LP Regression, Kecskemet Region — Bias 121\6[LP Reglression,l KECSkelmet Relgion — Py

—oe— Free Space

--8--ITU-R P.452
ITU-R P.1546

sy ITU-R P.1812

—o— Free Space

--8--1TU-R P.452
ITU-R P.1546

wn@ ITU-R P.1812

=
= o €.0-0-0-0-0-0-0-0-0-0-0-0-00
3
M q
é o&gy
YR -0-0-0-0-n-0-0-0-0-0-6-00
9990900000000
50 - - - - - - - -
0 20 40 60 80 100 20 40 60 80 100

NTrain NTrain

Figure 31. Error metrics as a function of the number of training profiles, Kecskemét region.

Compared to the other models, the MLP provides a clear improvement over linear and
kernel-based approaches, while its performance remains comparable to gradient boosting.
Although gradient boosting is slightly more stable at very small training sizes, the difference
becomes negligible as the training set grows.

The qualitative illustration example between predicted and reference propagation
profiles further supports these findings, as shown in Figure 32, where the MLP accurately
captures the main variations in the signal strength along the path.

Overall, the MLP can be considered a top-performing model for the Kecskemét region;
however, it does not consistently outperform gradient boosting.

In the Métra region, the multilayer perceptron (MLP) regression exhibits stable but
noticeably slower convergence compared to the flatter Kecskemét case, as the number of
training samples increases (Figure 33). This behaviour can be attributed to the increased
variability and structural complexity of the terrain, which requires a richer represen-
tation to be learned by the model. As a result, the MLP requires a larger training set
(~80-120 samples) to reach a stable regime, where further increases in the training size
yield only marginal improvements.

In the converged regime, the error metrics reach MAE values of approximately
12-14 dB and RMSE around 18-20 dB. While these values are higher than those observed in
less complex regions, they remain consistent and stable, indicating that the model success-
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MLP l&e&ression, Kecskemet Region: PEM est. from FrleQ% Space

fully captures the dominant propagation characteristics. The bias gradually approaches
zero, suggesting that systematic errors are effectively mitigated. At the same time, the
Pyp metric remains relatively high (~28-32 dB), reflecting the presence of strong local
variations and extreme propagation conditions that are more difficult to model accurately
in mountainous environments.

Compared to the other models, the MLP provides a clear improvement over linear
ridge regression and outperforms kernel ridge regression in terms of overall accuracy. Its
performance is again comparable to that of gradient boosting, with only minor differences
observed in the converged regime, where both models reach a similar level of prediction
error. However, a key distinction emerges in the learning dynamics: gradient boosting
demonstrates more stable behaviour at smaller training sizes, indicating better robustness
in the low-data regime, whereas the MLP requires a larger dataset to achieve a comparable
level of generalisation. This suggests that the MLP is more sensitive to the availability of

training data and benefits more strongly from increased sample size.
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Figure 32. Examples for calculated profiles with MLP regression, Kecskemét region.

The qualitative difference between predicted and reference propagation profiles further
supports these observations (Figure 34).

The MLP is able to capture the dominant large-scale variations in the signal along
the propagation path, including general attenuation trends and major terrain-induced
effects. At the same time, larger local deviations can still be observed in sections with
highly irregular terrain, where rapid elevation changes and complex diffraction effects
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fine-scale variations are not fully captured.
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Figure 33. Error metrics as a function of the number of training profiles, Matra region.
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Figure 34. Examples for calculated profiles with MLP regression, Matra region.

Overall, the MLP can be considered a robust and competitive model for the Métra
region, particularly when sufficient training data are available. Nevertheless, similarly to
the other investigated regions, it does not demonstrate a consistent or systematic advantage
over gradient boosting. The results therefore suggest that while neural network-based
approaches are capable of achieving high accuracy, tree-based ensemble methods remain
highly competitive, especially in scenarios with limited training data or increased ter-
rain complexity.

10. Conclusions

Within the scope of this study, we conducted a detailed evaluation of the performance
of four machine learning regression algorithms for delta-correction of empirical and hybrid
wave propagation models at a frequency of 3.6 GHz. We developed a terrain representation
methodology incorporating both local and global descriptors, enabling the regression
algorithms to be effectively trained for delta learning. The proposed approach, together
with the four regression models, was implemented and tailored to the specific problem,
and its performance was subsequently validated using real-world measurement data.

Table 5 presents the best achievable values of the error metrics based on the learning
curves, with the top-performing results for each terrain category highlighted in bold.
Several conclusions can be drawn from these results.

Although this can be anticipated a priori, the results also confirm that regression
models provide more accurate corrections for hybrid wave propagation models; therefore,
whenever available, these models are recommended as the preferred baseline.

It can also be observed that under simpler, flat terrain conditions, the implementa-
tion and application of more complex regression models are unnecessary: even linear
ridge regression yields strong performance, with kernel ridge regression providing only
marginal improvement. In contrast, for more complex terrains, the use of gradient boosting
regression and/or multilayer perceptron (MLP) models is recommended, as they achieve
significantly better performance than ridge and kernel ridge regression.

Itis also worth noting that an input feature importance analysis was conducted for each
model, allowing us to investigate how the individual components of the 18-dimensional
feature vector influence the model behavior and the accuracy of the predictions. This
dependence is not solely determined by the regression model itself, but is also strongly
affected by the type of baseline model and the terrain category under consideration. Here,
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we only briefly remark that our results confirmed the relevance of all components of the
feature vector, as each of them is utilized by the regression models, albeit with different
weights. A more detailed analysis of this aspect could be carried out; however, we consider
it to be beyond the scope of the present study.

Table 5. Stabilization behaviour of machine learning models across different regions (approximate values).

Budapest Kecskemét Matra
Propagation Model RMSE MAE P90 RMSE MAE P9 RMSE MAE P90
(dB) (dB) (dB) (dB) (dB) (dB) (dB) (dB) (dB)
Ridge (n1ain: ~50/~50/~100)
Free Space 30.0 195 405 12.0 9.0 19.0 76.5 280 545
ITU-R P452 20.5 115 230 7.0 5.0 11.0 65.0 19.0 35.0
ITU-R P.1546 22.5 135 275 9.5 7.5 15.0 67.0 20.5 39.5
ITU-R P.1812 20.5 115 23.0 7.0 5.0 11.0 65.0 19.0 35.0
Kernel Ridge (#11p,in: ~300/~300/~500)
Free Space 28.0 165 36.5 11.0 8.0 17.5 74.0 26.0 50.5
ITU-R P452 16.5 8.0 18.5 6.0 4.5 9.5 62.5 15.0 29.5
ITU-R P.1546 20.5 11.0 225 8.0 6.0 12.5 65.5 18.0 35.0
ITU-R P.1812 18.5 8.0 19.0 6.0 4.5 9.5 62.0 15.0 30.0
Gradient Boost (7 1pain: ~700/~700/~800)
Free Space 225 165 36.0 12.0 8.5 18.5 32.0 24.0 52.0
ITU-R P452 10.5 7.5 17.0 6.5 4.5 9.5 16.5 11.5 27.0
ITU-R P.1546 14.5 105 235 9.0 6.5 13.0 20.5 15.0 33.0
ITU-R P.1812 10.5 7.5 17.0 6.5 4.5 9.5 16.5 11.5 27.0
MLP (1yain: ~900/~900/~1000)
Free Space 20.5 155 335 105 7.5 16.5 29.0 220 475
ITU-R P.452 10.5 7.5 17.5 6.0 4.5 9.5 16.5 11.5 26.5
ITU-R P.1546 14.0 10.0 220 8.0 6.0 12.5 20.0 15.0 32.0
ITU-R P.1812 10.5 7.5 17.5 6.0 4.5 9.5 16.5 11.5 26.0

Another limitation of the present study is that the proposed framework has not yet
been validated against independent real-world field measurements. Although PEM pro-
vides a physically grounded deterministic reference and is suitable for assessing systematic
deviations of faster empirical and hybrid models under controlled and reproducible condi-
tions, measurement-based validation would be required to quantify the absolute accuracy
of the corrected predictions in operational deployment scenarios. Such validation, includ-
ing comparisons against measured field-strength or path-loss data, is therefore identified
as an important direction for future work.

The framework presented in this paper therefore offers a practically applicable toolkit
for the fast and efficient delta-correction of wave propagation models. At the same time,
the proposed framework extends beyond the specific scope defined in this study: given
the availability of more accurate, higher-resolution terrain data and measurement results,
it enables the alignment of fast computational models with empirical observations. This
direction also defines the continuation of our research, where future work will focus
on integrating measurement data and on the development and validation of improved
modeling approaches.

The proposed method should not be interpreted as a universally transferable correction
model trained in one terrain type or geographical region and directly applicable to all
others. Its demonstrated strength lies in morphology-aware, profile-level generalization,
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where the correction model is trained and applied within a terrain class identified from
available topographical or morphological information. Cross-terrain and cross-country
transferability remain important topics for future investigation.
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