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Abstract:  The single-phase induction motor of 
the Problem No. 30a of TEAM Workshops has 
been solved by the Finite Element Method 
(FEM) using the A,V - A - potential formulation 
and the T,Φ - Φ - potential formulation. This 
linear problem has been solved in the frequency 
domain by the two potential formulations.  
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1. Introduction 
 

This paper presents the solution of the single-
phase induction motor of the Problem No. 30a of 
TEAM Workshops [1] by using different 
potential formulations and the Finite Element 
Method (FEM) [2,3,4]. The linear problem has 
been solved in the frequency domain by the two 
potential formulations, and the solutions of them 
have been compared. Here, the problem is a 
linear eddy current field problem. 

The used potential formulations of motional 
two dimensional time-stepping Finite Element 
Method [4,5,6,7] by means of the A,V - A - 
potential formulation with motion [6,7] and by 
the T,Φ – Φ - potential formulation with motion 
[8,9] have been implemented. The two-
dimensional linear time varying eddy current 
field problem has been solved in the frequency 
domain [10] by the two potential formulations.  

The used methods are applied to compute the 
power dissipation of rotor, and rotor steel [11,12] 
of this single-phase motor. These quantities are 
computed on a per unit depths (1m) basis. 

The induction motor under investigation is 
considered to be an eddy current field problem. 
The eddy current field of the motor is assumed to 
be two dimensional, i.e. the influence of the end-
region fields have has been neglected. 

 
2. Arrangement of Induction Motor 
 

The arrangement of the problem is shown in 
Fig. 1, which is a single-phase induction motor. 
In Fig.1. σ is the conductivity, µr is the relative 
permeability   in   the    problem.   In   this figure 

 
 
Figure 1. The 3D model of the simulated single-phase 
induction motor. 
 
the current excitation of the windings is 
represented by the source current density J0. In 
the A,V - A - potential formulation the inverse 
model of constitutive relations, or the variable νr 
=1/µr In the T,Φ - Φ - potential formulation the 
direct model of constitutive relations is used. 

The rotor is made of rotor steel and rotor 
aluminum, i.e. the rotor steel is surrounded by 
the rotor aluminum. The stator steel is laminated 
and its conductivity has been selected as σ =0. 
The windings are not embedded in slots. The 
rotation of the rotor is counterclockwise. The 
range of computation of the single-phase 
induction motor for rotor angular velocities is 
from 0 to 358 rad/s (0.95% of the peak field 
speed) The synchronous speed is 
Ω=2πf=377rad/s, because the winding is excited 
at f=60 Hz. 

The studied eddy current field problem is 
separated into two parts. The conductor region, 
i.e. the rotor, Ωr and the nonmagnetic, and non-
conductive region, the windings, the air, and the 
laminated stator steel, Ωn. The Maxwell's 
equations in the eddy current free region, model 
a static magnetic field, while in the eddy current 
region, the "quasi-static" Maxwell's equations 
are valid. The boundary ΓB is the closing 
boundary of the problem region, where normal 
component of magnetic flux density is neglected. 



2. Numerical Simulation Procedures 
 
 First of all, from the Physics menu, select 
the Model Settings, and from the 

Equation System Form list select the 
Weak form. 
 The constants (e.g. moving velocity,vω  

frequency f, external current density J0) must be 
typed in the Options/Constants menu. 
 
2.1. Modeling Motion 

 
In induction machines consider a rotor 

moving in one direction with velocity v relative 
to a reference frame O(x,y) and a local reference 
frame O'(x',y'), which is moving with the rotor 
[7]. 

The displacement currents are negligible, 
because of the low frequencies used in the 
electrical machines, and the Maxwell's equations 
can be written in the fixed reference frame as: 
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Electromagnetic phenomena are described by 
the same Maxwell's equations in the fixed, and in 
the moving reference frames.  
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where the quantities observed from the moving 
reference frame O’ are marked by apostrophes. 

Only the electric field intensity vector E is 
modified, because of adding the motion voltage 
term Bv×  to E. 

Substituting the equation of E’  into (4) gives 
the next relation: 

 

 ( ),BvEE'J ×+== σσ      (6) 
 
because the motion of the conductor region of 
the induced induction motor eddy currents, and 
the eddy currents are depending on the velocity. 
 The velocity v has been type in the 
Options/Expressions/ Subdomain 
Expressions the following form rωv ×= v  

by separate the x, y-components. 

2.2. The A,V - A - potential formulation with 
motion 

 
This potential formulation coupled with 

moving velocity seems to be the most widely 
used formulation of electrical machines [4,5,6]. 
 The A,V - A - potential formulation is based 
on the magnetic vector potential A and the 
electric scalar potential V with nodal element 
approximation. 

Basically, the induction motor is a two-
dimensional problem, and this results in the two 
dimensional case that the electric scalar potential 
can be selected as V=0 in the A,V – A - potential 
formulation [2]. 

The divergence-free magnetic flux density B 
can be described by the curl of the magnetic 
vector potential A, i.e. 

 

.AB ×∇=         (7) 
 

The curl of magnetic vector potential A weak 
form is the following: Azy-Azx, where Azy is 
x-component of magnetic flux density B, and     
-Azx is the y-component. 

Substituting the equation (7) into Faraday's 
law (2) gives the next equation: 

 

,j AE ×∇−=×∇ ω       (8) 
 

since V=0. 
Redistribute and substitute the 

BvEE' ×+=  into the equation (8), and the use 
of relation (7) result in the A,V – A - potential 
formulation with motion in the conductive region 
Ωr  in the frequency domain, 

 

,)j()( 0AvAA =×∇×−+×∇×∇ ωσν  (9) 
 

where reluctivity ( )rµµν 0/1= . 
The (9) equation is typed in the 

Physiscs/Equations System/ 
Subdomain Seetings the following form: 
(1/mu)*((Azy*Azy_test)+(Azx*Azx_
test))+sigma* 
((test(Az)*(j*w*Az))-test(Az)*(-
Vx*Azx -Vy*Azy)), 
where Azy_test, and test(Az) are the 
test functions. 

In the non-conducting region, Ωn, the 
fundamental equation is given by 

 

,)( 0JA =×∇×∇ ν       (10) 
 

where ν0 is the reluctivity in vacuum.  
 At the A,V – A - potential formulation the 
motion voltage term weak form is the following: 
(-Vx*Azx -Vy*Azy). 



 
2.3. The T,Φ – Φ - potential formulation with 
motion 

 
Basically this potential formulation has not 

been used in the simulation of induction 
machines, but some papers in the literature can 
be found from the other part of FEM analysis 
[8,9]. 

The T,Φ - Φ - potential formulation is based 
on the current vector potential T with edge 
element approximation and on the reduced 
magnetic scalar potential Φ with nodal element 
approximation. 

The source current density J0 can be written 
by the curl of the impressed current vector 
potential T0 [2,3], 

 

.00 TJ ×∇=         (11) 
 

The above equation has been written in weak 
form: 
((T0yx-T0xy-Jz)*(T0yx_test-
T0xy_test)). 

The expression of the magnetic field 
intensity H and the eddy current density J are 
then from (2) are: 

 

,0 Φ∇−+= TTH       (12) 

,TJ ×∇=         (13) 
 

because .0=⋅∇ J  
In this formulation, the electric field intensity 

E with motion voltage term is the following: 
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Combining the Faraday's law (2), the 
constitutive relation HB µ= , the  equation (12), 
and the equation (14) results in the following 
partial differential equation: 
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where rµµµ 0=  is the permeability. 

The weak formulation of (15) equation is the 
following: 
(Tyx_test-Txy_test)* 
(1/sigma*(Tyx-Txy)+ 
(Vx*mu*(T0y+Ty-FIy)-
Vy*mu*(T0x+Tx-
FIx)))+j*w*mu*(Tx_test*(T0x+Tx-
FIx)+Ty_test*(T0y+Ty-FIy)), 

 

where 1/sigma*(Tyx-Txy) is the electric 
field intensity E. 

Substituting the equation (12) into the 
magnetic Gauss' law (3) gives the next partial 
differential equation: 

 

( ) .00 =Φ∇−+⋅∇ TTµ      (16) 
 

The weak form of this equation: 
j*w*mu0*mur*(FIx*test(FIx)+FIy*t
est(FIy))-
j*w*mu0*mur*(T0x*test(FIx)+T0y*t
est(FIy))-
j*w*mu0*mur*(Tx*test(FIx)+Ty*tes
t(FIy)). 

In the non-conducting region, Ωn, only 
equation (16) has to be solved, but 0µµ = , and 

.0=T  
At this formulation the motion voltage term 
weak form is the following: 
(Vx*mu*(T0y+Ty-FIy)-
Vy*mu*(T0x+Tx-FIx). 
 

2.4. The Power Dissipation 
 
The average power dissipation due to eddy 
current losses can be found by the power density 
loss can be integrated over the surface, 
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where the real part of power density loss 

∗⋅ EEσ
2

1
 can be integrated over the surface of 

the body Ω, and E is the electric field intensity, 
and E* conjugacy of electric field intensity. 

The computation of power dissipation the 
(17) equation weak form type  the 
Postprocessing/Subdomain 
Integration menu. 

At the A,V – A - potential formulation the 
weak from is the next: 
0.5*real((sigma*((-j*w*Az)+(-
Vx*Azx-Vy*Azy)))*(conj((-
j*w*Az)+(-Vx*Azx-Vy*Azy)))), 
and the other  potential formulation: 
0.5*real(sigma*(1/sigma*(Tyx-
Txy))*(conj(1/sigma*(Tyx-Txy)))). 

The difference between the above two weak 
form is the moving velocity.  This is cause, at the 
T,Φ – Φ - formulation after the simulation the 

EE' = , whereas the A,V – A – potential after 
the simulation the BvEE' ×+=  remain. 
 



3. Expected Results 
 
 The numerical computations were performed 
using computer programs developed by the 
functions of COMSOL Multiphysics. The 
programs have been run on an Intel(R) 
Core(TM)2 Duo CPU T9300 with the clock 
frequency of the processor 2.50 GHz with 
2Gbyte RAM.  
 All the linear simulations have been studied 
using the same mesh, which consists of 21208 
second-order triangular elements as it can be 
seen on the Fig. 2a. The Fig. 2b shows the used 
mesh to calculate the impressed current vector 
potential and the closing boundary consists of 
55936 second-order triangular elements. The 
number of unknowns are different in the two 
potential formulations. Using the A,V – A - 
formulation, the number of unknowns is 42733, 
and in case of the T,Φ – Φ - formulation the 
number of unknowns is 63517. 
 The CPU time for the analysis at high speeds 
is more that at standstill. The CPU time is 
increased when the speed becomes high, because 
the number of iteration for the GMRES solver 
(Generalized Minimum Residual Method) with 
SSOR preconditioner (Symmetric Successive 
Over-Relaxation) method is increased due to the 
ill-condition of the mass matrix [13]. Generally, 
 

 
 
    a.,           b., 
Figure 2. Finite element meshes of the studied motor. 

 

 
 
    a.,           b., 
Figure 3. The magnetic flux density lines at 358 rad/s 

angular velocity. 
 

 
computation programs take into account the 
symmetry of the global matrix, and storing only 
the half of this matrix in memory. However, in 
this case the whole matrix must be stored [5]. 
 The computed absolute value of magnetic 
flux density lines inside the simulated motor for 
the running at 358 rad/s can be seen in Fig. 3. 
The solution of A,V – A – formulation is shown 
in Fig. 3a, and the other potential formulations 
solution is shown in Fig. 3b. These two solutions 
seem to be equal aside from the little difference 
inside the rotor steel. The solutions is seem to be 
equal in all simulations. 
   

 
 

Figure 4. Computed magnetic flux inside the 
simulated motor across the x-axis. 

 

 
 

Figure 5. Magnetic flux difference between the 
potential formulations. 

 



 The absolute value of magnetic flux density 
along the line inside the simulated induction 
motor x= -0.057,……,0.057 mm, y=0 can be 
seen in Fig. 4. This figures shows the results of 
analysis at 39 rad/s, 159 rad/s, and 358 rad/s 
angular velocities.  
 Fig. 5 show enlarged region in x= -0.0553, 
….,-0.052 mm, e.i. the magnetic flux density 
inside the stator steel can be seen. The solutions 
of potential fomrulations seem to be equal at 
three different angular velocities. This 
phenomenon as come true at all angular 
velocities of simulation. 
 The rotor loss is computed as a sum of the 
power dissipation of rotor steel and rotor 
aluminum. A comparison between the computed 
rotor loss of two potential formulations as 
functions of angular velocity is shown in Fig. 6. 
 A comparison between the computed steel 
loss of two potential formulations as functions of 
angular velocity is depicted in Fig. 7. The 
maximum of relative is less than 1%. This 
difference result that these potential formulations 
is depending on the quality of mesh as well. The 
A,V – A - potential formulation solutions are the 
minor of the "good" solution, whereas the T,Φ – 
Φ - potential formulation solutions are the major 
of the "good" solution. The curves of the results 
can be seen in the Fig. 7. 
 
4. Conclusion 
 
The used numerical procedure of eddy current 
field calculation results in the expected data. The 
two different potential formulations in frequency 
domain solutions have been compared and the 
results seem to be close to each other. 
 In the two dimensional case, A,V – A - 
potential formulation seems to be better solver 
with motion voltage term. The A,V – A - 
potential formulation with motion voltage term 
converged faster, the number of elements and 
unknowns are less than the T,Φ – Φ - potential 
formulation with motion voltage term. 
 The aim of further research is compute the 
torque, the induced voltage of windings, and 
compared with the analitical solution of of the 
Problem No. 30a of TEAM Workshops. 
 Furthermore, the aim of further research is to 
solve this problem by the T,Φ – Φ – formulation 
and the A,V – A – formulation taking the 
nonlinearity into account, and to compare these 
nonlinear solutions. 

 
 

Figure 6. Computed rotor loss as functions of 
velocities. 

 
 

Figure 7. Computed steel loss as functions of 
velocities. 
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